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Abstract
The Standard Model (SM) of particle physics successfully describes the known elementary
particles and their interactions through electroweak and strong forces. Despite extensive
tests, no evidence of beyond-the-Standard-Model phenomena has been observed, and the
discovery of the Higgs boson in 2012 crowns the SM as one of the most successful theo-
ries of modern physics. Being the heaviest known particle, the top quark is expected to
play a special role in many extensions of the SM, and the thorough understanding of its
signatures and properties is of utmost importance to shed light on the mechanism of spon-
taneous electroweak symmetry breaking and to control the backgrounds in New Physics
searches. The main method to obtain quantitative predictions in particle physics is per-
turbation theory, which relies on the expansion of observables in powers of the relevant
coupling constant and on the truncation of the series at some fixed order. The computa-
tion of the coefficients of the perturbative series is a highly non-trivial task, its difficulty
increasing dramatically with the order. In addition, the fixed-order computation of some
observables in Quantum Chromodynamics leads to non-physical predictions at phase space
boundaries, due to the large logarithmic contributions related to the infrared behaviour
of the theory. A well known example of such an observable is the transverse-momentum
(qT ) spectrum of high-mass systems. A related observable that may not be computable
in fixed-order perturbation theory is the azimuthal distribution. The logarithmically- en-
hanced contributions in the fixed-order computation of this observable are related to the
azimuthal correlations of the corresponding transverse-momentum distribution at low qT .
To obtain a reliable prediction for this class of observables the standard fixed-order pertur-
bation theory can be improved through a resummation procedure, which aims at summing
the logarithmically-enhanced contributions to all perturbative orders.
In this thesis we consider the computation of higher-order corrections to heavy-quark
production at hadron colliders, its transverse-momentum spectrum, and the ensuing az-
imuthal correlations. In particular, we exploit our understanding on the singular behavior
of the transverse-momentum spectrum to obtain new results on the second order per-
turbative contributions to this process in Quantum Chromodynamics. We also present
quantitative predictions for the transverse-momentum spectrum of the top-quark pair at
next-to-leading logarithmic accuracy, and a first comparison to experimental data. We
finally provide a general discussion of azimuthal asymmetries for a wide class of processes,
by presenting new quantitative results for the case of top-quark production.

Zusammenfassung
Das Standardmodell (SM) der Teilchenphysik umfasst eine erfolgreiche Beschreibung der
bekannten Elementarteilchen und ihrer Wechselwirkungen durch elektroschwache und starke
Kräfte. Trotz umfangreicher Untersuchungen wurde kein Hinweis darauf gefunden, dass
Phänomene existieren, die über das SM hinausgehen. Die Entdeckung des Higgs-Bosons
im Jahr 2012 krönte das SM schliesslich als eine der erfolgreichsten Theorien der mod-
ernen Physik. Als schwerstes bekanntes Teilchen kommt dem Top-Quark in vielen Er-
weiterungen des SM eine besondere Rolle zu: Ein gründliches Verständnis seiner Signatur
und Eigenschaften sind enorm wichtig, um Aufschluss über den Mechanismus der spon-
tanen elektroschwachen Symmetriebrechung zu geben und die Hintergrundstrahlung von
Physik jenseits des Standardmodells zu steuern. Die wichtigste Methode, um quantitative
Vorhersagen in der Teilchenphysik zu erhalten, ist Störungstheorie. Sie beruht auf der
Entwicklung von Observablen in Potenzen der relevanten Kopplungskonstante sowie auf
dem Abbruch der Reihe zu einer festen Ordnung. Die Berechnung der Koeffizienten der
Störungsreihe ist eine höchst nichttriviale Aufgabe, da die damit verbundene Schwierigkeit
drastisch mit der Ordnung steigt. Darüber hinaus führt die Berechnung einiger Observ-
ablen zu fester Ordnung in der Quantenchromodynamik zu nichtphysikalischen Vorher-
sagen an Grenzpunkten des Phasenraums, was auf die grossen logarithmischen Beiträge
im infraroten Bereich der Theorie zurückzuführen ist. Ein wohlbekanntes Beispiel einer
solchen Observable ist das Spektrum des Transversalimpulses (qT ) eines massereichen Sys-
tems. Eine verwandte Observable, deren Berechnung in Störungstheorie zu fester Ord-
nung nicht möglich sein dürfte, ist die azimutale Verteilung. Die logarithmisch verstärkten
Beiträge dieser Observable bei der Berechnung zu fester Ordnung sind verknüpft mit den az-
imutalen Korrelationen der entsprechenden Transversalimpulsverteilung für kleines qT . Um
eine verlässliche Vorhersage für diese Klassen von Observablen zu erhalten, kann die klas-
siche Störungstheorie zu fester Ordnung durch eine sogenannte Resummation verbessert
werden, welche darauf abzielt, die logarithmisch verstärkten Beiträge zu allen Ordnungen
der Störungstheorie zu summieren.
In dieser Thesis betrachten wir die Berechnung von Korrekturen höherer Ordnung zur
Produktion schwerer Quarks an Hadronen-Beschleunigern sowie deren Transversalimpulsspek-
trum und der sich ergebenden azimutalen Korrelationen. Besonderen Wert legen wir
auf ein Verständnis des singulären Verhaltens des Transversalimpulsspektrums, um neue
Ergebnisse zu Beiträgen zweiter Ordnung Störungstheorie zu diesem Prozess in der Quan-
tenchromodynamik zu erhalten. Wir präsentieren zudem quantitative Vorhersagen für das
Transversalimpulsspektrum des Top-Quark-Paars zu nächst-zu-führender logarithmischer
Genauigkeit sowie einen ersten Vergleich mit experimentellen Daten. Schliesslich disku-
tieren wir in allgemeiner Form azimutale Asymmetrien für eine grosse Klasse an Prozessen,
indem wir neue quantitative Ergebnisse für den Fall der Top-Quark-Produktion vorstellen.
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Chapter 1
Introduction
The properties and interactions of all known elementary particles can be described within
a single theoretical framework, known as the Standard Model (SM). The SM incorpo-
rates the constituents of matter, the quarks and the leptons, as well as their interactions
through electroweak and strong forces. The electroweak sector of the SM is described by the
Glashow-Weinberg-Salam model [1–3], which is based on the unification of Quantum Elec-
trodynamics (QED) [4–7] and weak interactions. Its mathematical formulation is based on
the SU(2)L × U(1)Y gauge symmetry group of weak left-handed isospin and hypercharge.
The strong interactions of quarks and gluons are described by Quantum Chromodynamics
(QCD) [8–10], which is based on the SU(3)C colour symmetry group. The interactions
of the elementary particles are realised through the force-carriers of the theory, the gauge
bosons, whose properties are fundamentally different from those of fermions. The masses
of the gauge bosons in the SM are generated through the so-called electroweak symme-
try breaking (EWSB) mechanism [11–15] proposed in mid-1960s. The scalar particle, the
Higgs boson, predicted by the EWSB mechanism was the last building block of the SM,
and it has eluded the experimental detection until recently. On July 4th 2012 the ATLAS
and CMS collaborations at the Large Hadron Collider (LHC) have announced the discov-
ery of a new scalar resonance [16, 17] of mass about 125 GeV. The measurements of the
properties of this resonance are in a very good agreement with what expected for the SM
Higgs boson. Combined with the high-precision SM tests during the last decades at the
particle colliders like LEP, HERA, the Tevatron and the LHC, the Higgs boson discovery
makes the SM the most successful theory of modern physics.
Despite being a mathematically complete theory accommodating almost all known
experimental data available to date, the SM is believed to be a mere effective theory,
valid only at the presently accessible energies. The first major and obvious problem of
the SM as the fundamental theory of our universe, is that it describes the interactions
of the elementary particles only through three out of the four fundamental forces, the
gravitational interaction being left out. Furthermore, it does not explain the hierarchical
1
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pattern of fermion masses. For example, the top quark (t), the heaviest known particle, is
more than five orders of magnitude heavier than the electron e and more than thirty times
heavier than the next heaviest quark, the bottom quark (b).
Besides the aforementioned shortcomings of the SM, there are other severe problems
that call for New Physics (NP). Cosmological and astrophysical observations and computer
simulations show that the particles described by the SM account for less than 5 % percent
of the content of the universe. The remaining energy of the universe is assigned to the
so-called dark matter (DM) and the dark energy. One possible explanation of the DM is
that it could be due to an unknown stable, massive, electrically neutral and very weakly
interacting particle. The SM does not include any dark matter candidate particle.
One of the conceptual limitations of the SM is the so-called hierarchy problem [18,19],
which is related to the unnaturally small value of the Higgs boson mass mH ≈ 125 GeV.
When computing the radiative corrections to the Higgs mass squared, one encounters
quadratically divergent contributions coming from self-energy corrections. This means
that the Higgs mass should be naturally of the order of the cut-off of the model, i.e., the
scale at which NP should show up. Without a NP contribution appearing at relatively
low energy, the parameters of the SM need to be fine-tuned, in order to accommodate the
experimentally observed value of the Higgs mass.
A special role in the SM is played by the top quark, which is predominantly produced
through the tt¯ pair production process at hadron colliders. Due to its large mass of about
173.3 GeV, and, consequently, large Yukawa coupling, the top quark has the largest con-
tribution among all the fermions to the hierarchy problem. It is also the only quark that
decays before hadronization, thus allowing to study the properties of the ’bare’ quark,
through its decay products. Because of its special role in the SM, the precise understand-
ing of top-quark properties, and, in particular, the accurate knowledge of inclusive and
differential cross sections for tt¯ production is crucial also for beyond-the-Standard-Model
(BSM) searches, since top-quark production is a background to many NP signatures.
Following its discovery twenty years ago [20], the top quark has been under an intensive
study at the Tevatron. The two general-purpose experiments at the LHC, ATLAS and
CMS, have analysed the data collected during the first run of the LHC at center of mass
energies
√
s = 7 and 8 TeV [21–24]. The combination of all these results already provides
important measurements for various top-quark observables. The LHC has already started
accumulating data at
√
s = 13 TeV. With the increased luminosity and energy, many
more top-quark pairs will be produced. As a result, the experimental uncertainties will be
substantially reduced, enabling us to do precision studies on top-quark physics, which calls
for precision predictions from the theory side.
To obtain high-precision theoretical predictions is, however, a highly non-trivial task,
since the equations defining the SM can not be solved in closed form. The framework
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to obtain quantitative predictions in particle physics is provided by perturbation theory,
i.e. the possibility of organising the computation of cross sections of scattering processes
as a fixed order expansion in powers of the relevant coupling constant. Of the various
perturbative corrections that can be considered, those from the strong interactions are
often the most important. The leading term in this expansion is called the leading order
(LO) contribution, followed by the next-to-leading order (NLO), next-to-next-to-leading
order (NNLO), and so forth. While in most of the cases the LO contribution to the cross
section or any other properly defined observable is relatively straightforward, it only gives
an order-of-magnitude estimate. To obtain a realistic estimate of the observable at least
the NLO, and more often the NNLO computation is required.
The calculation of the higher-order contributions in the series expansion requires the
computation of radiative corrections to the LO process. At NLO it includes the compu-
tation of the virtual, or loop (one more particle running in a closed loop), and real (one
more particle in the final state) corrections. Separately, these contributions are ill-defined.
The virtual corrections contain ultraviolet (UV) divergences, which are cured by renor-
malization, as well as infrared (IR) divergences, while the real corrections contain only IR
divergences. Although according to the Bloch-Nordseck [25] and Kinoshita-Lee-Nauenberg
(KLN) theorems [26, 27] the IR divergences are guaranteed to cancel out once the virtual
and real corrections are combined, for any properly defined observable, their presence at
intermediate stages does not permit a straightforward implementation of numerical tech-
niques.
A general framework to handle and cancel IR singularities is provided by the so-called
subtraction methods. The main idea of the subtraction methods is to reorganise the inter-
mediate steps of the calculation in such a way that all phase-space integrations are finite
and can be performed numerically. At NLO in QCD, two process-independent subtraction
schemes are available: Catani-Seymour dipole subtraction [28–30], and the FKS subtrac-
tion [31]. Nowadays, the implementation of general NLO subtraction schemes has been
combined with codes capable of numerically computing tree-level and one-loop amplitudes
for a given process [32–34]. This important step in principle allows a complete automation
of the NLO computations.
At NNLO the situation is much more involved. Various methods have been proposed
and used to handle the IR singularities at the NNLO level for different classes of processes.
The formalisms of colourful subtraction [35, 36] and antenna subtraction [37–42] are more
related to NNLO extensions of the established NLO formulations of the subtraction method
mentioned above. The Stripper formalism [43–45] is a combination of the subtraction
method with numerical techniques based on sector decomposition [46, 47]. Variants of
the subtraction methods are the qT subtraction formalism [48] and the recently proposed
N -jettiness subtraction [49–51].
This thesis addresses the computation of higher-order corrections to heavy-quark pro-
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duction at hadron colliders, its transverse-momentum spectrum, and the ensuing azimuthal
correlations. As far as tt¯ production is concerned, the theoretical efforts for obtaining preci-
sion predictions started almost thirty years ago with the calculation of the NLO corrections
to this process [52–56]. To go one order higher in perturbation theory, as already men-
tioned, is a formidable task and only recently the calculation of the NNLO QCD corrections
to the inclusive tt¯ cross section was completed [57–60]. The total cross section, however,
is an ideal quantity, while the experiments always have finite acceptances. Moreover, the
total cross section does not give a full picture of the dynamics of the process. Thus, besides
the total cross section, the differential cross sections are of a great importance for precision
studies. One example of such observable is the invariant mass distribution of the tt¯ pair, for
which precise predictions have been worked out in Ref. [61]. Recently, differential results
for the top-quark charge asymmetry have been presented at NNLO accuracy [62], followed
by differential results for top-quark pair production at the LHC [63] and the Tevatron [64]
in NNLO QCD. The NNLO computations in Refs. [57–60, 62–64] for tt¯ production have
been performed by using the Stripper method [43]. Parallely, an ongoing effort is being
carried out by using the antenna subtraction method [40,65], which led to the NNLO fully
differential computation of tt¯ production in the qq¯ channel [66, 67] at leading colour and
including the light-quark contributions.
Despite being a powerful tool, fixed-order perturbation theory sometimes cannot pro-
vide physically meaningful predictions. In the case of semi-inclusive observables, when
more than one energy scale is involved, large logarithmic terms involving the ratio of the
different scales appear, which may invalidate the fixed-order expansion. An important
example is the transverse momentum (qT ) spectrum of a system with large invariant mass
M . When qT ∼ M the standard perturbative treatment is applicable. At small trans-
verse momenta, qT  M , large logarithmic contributions of the form αnS logm(M2/q2T )
(m = 2n, . . . , 1) appear that lead to the breakdown of the fixed-order perturbative expan-
sion. Eventually, the fixed-order computation of the transverse-momentum spectrum leads
to a divergent cross section as qT → 0.
The unphysical (divergent) behavior of the transverse-momentum spectrum in fixed-
order perturbation theory has been known for long time. A less known issue regards
the corresponding divergent behaviour of azimuthal distributions for a large class of pro-
cesses at hadron colliders. The class of processes which exhibit this problem includes
tt¯, V j, jj, γγ, . . ., while, for instance, the azimuthal distributions for the Drell-Yan (DY)
process are computable in fixed-order perturbation theory (see e.g. Ref. [68] and references
therein). As it will be shown in this thesis, the divergent behaviour of azimuthal corre-
lations in fixed-order calculations is directly related to the azimuthal correlations of the
transverse-momentum spectrum at low qT for these processes. The latter issue has been
first noted in Ref. [69] for the processes that are driven by gluon fusion at LO. This unphys-
ical behaviour of fixed-order perturbative QCD at small values of qT and the consequent
divergence of the qT integrated azimuthal correlations requires some deeper understanding
in order to achieve a QCD prediction for physically measurable azimuthal distributions.
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The nowadays standard mechanism to obtain reliable perturbative predictions for the
transverse-momentum spectrum at small qT is the so-called resummation of the large log-
arithmic contributions to all orders in αS. In its core, the resummation of the large
logarithmic contributions is realised through their all-order exponentiation. In QCD,
the transverse-momentum resummation has been originally proposed and applied to the
hadroproduction processes of colourless systems F with large invariant mass [70–82]. In
more recent years the techniques and methods of Soft Collinear Effective Theory (SCET) [83–
85] have been developed and applied to transverse-momentum resummation for this class
of processes [86–92].
Recently, the transverse-momentum resummation formalism has been extended to the
production of heavy-quark pairs QQ¯ at hadron colliders in SCET [93, 94], and using the
traditional QCD resummation framework [95]. The main complication of transverse-
momentum resummation for the production of a heavy-quark pair with respect to the
production of a colourless system F is related to the appearance of additional soft singu-
larities due to the final-state radiation. The structure of these singularities is much more
involved due to the non-trivial colour correlations between the final-state heavy quarks
and initial-final state interferences. This poses technical complications for its application
to numerical computations, which is one of the objectives of this thesis. As it will be
shown, the contribution from the final-state soft radiation needs a special treatment due
to the non-diagonal structure of colour-correlations.
An important difference between the work in Refs. [93, 94] and the work in Ref. [95]
regards the treatment of the azimuthal angle φ(qT) of the transverse-momentum vector
qT of the QQ¯ pair and the azimuthal angles φ(pT3,4) of the transverse-momentum vectors
pT3,4 of the heavy quarks. While the analysis in Refs. [93,94] is limited to the study of the
qT spectrum after the integration over these azimuthal angles, the results in Ref. [95] are
valid at the fully-differential level with respect to the kinematics of the produced heavy
quarks, with the full control of the ensuing azimuthal correlations φ(qT)−φ(pT3,4) at small
qT . The full control over the azimuthal correlations is crucial in the view of our study of the
azimuthal distributions. In particular, in the case of tt¯ production, we show that with the
extension of our transverse-momentum resummation formalism to deal with the azimuthal
correlations at small qT , we can predict finite azimuthal distributions that can be measured
at hadron colliders [96]. Moreover, the azimuthal correlations at small qT have also a
non-trivial effect on the azimuthally-averaged qT cross section for tt¯ production starting
from NNLL+NNLO accuracy, and on the inclusive cross section starting from NNLO. The
effect of azimuthal correlation terms on the averaged cross section has been first studied in
Ref. [69] for the production processes of colourless systems that are mediated by the gluon
fusion subprocess at LO. As it is shown in this thesis, this effect is more complicated in
the case of heavy-quark production, requiring a computation of non-trivial integrals over
the azimuthal angle.
Besides its phenomenological relevance in obtaining physical predictions at small qT , the
5
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transverse-momentum resummation formalism has also a direct application to the fixed-
order calculations in the framework of the qT subtraction method [48]. The qT subtraction
method exploits the analytical knowledge of the singularity structure of the cross section
at small qT , which is given by the resummation formulae, to construct IR subtraction coun-
terterms to handle and cancel the IR divergences at the NLO and NNLO level. By using the
transverse-momentum resummation formalism for hadroproduction of colourless high-mass
systems, the method has been successfully applied to the fully differential computation of
NNLO QCD corrections to several hard-scattering processes of this class [48,97–107].
With the extension of the transverse-momentum resummation formalism to heavy-
quark pair production [95], a formulation of the qT subtraction method for this process
becomes feasible. In this thesis we carry out two major steps in this direction. We first
compute the IR counterterms that are needed for the NNLO calculation of heavy-quark pair
hadroproduction, to complete the computation of the NNLO QCD corrections to top-quark
pair production in all off-diagonal channels [108]. Then, we consider the diagonal channels
by showing, for the first time, the cancellation of the singularities between the NLO tt¯+jet
cross section and the corresponding subtraction counterterm. Technically, this is the most
delicate part of the calculation, and it provides a crucial check of the entire framework.
The completion of the NNLO computation in the diagonal channels will be possible once
the NNLO hard-collinear functions will be available. The computations performed in this
thesis require the evaluation of Born-level and one-loop colour-correlated UV renormalised
amplitudes, combined with the proper IR subtraction operators and, at the same time,
the use of existing NLO automated codes for the tt¯ + jet process. In particular, we use
the Munich code [109], which provides a fully automated implementation of the NLO
dipole subtraction formalism [28, 30] as well as an interface to the one-loop generator
OpenLoops [32]. The computations presented here can straightforwardly be extended
to the production of massive-quark pairs of different flavour (e.g. bottom-quark pair).
Moreover, with relatively little additional input they can be extended to the production
processes of the kind QQ¯F , with F being a colourless (set of) particle(s).
The thesis is organized as follows. In Chapter 2 we give a short overview of the main
aspects of QCD. In particular, the concepts of confinement and asymptotic freedom are
outlined, and the factorization of QCD IR singularities is discussed with some detail. In
Chapter 3 we sketch the transverse-momentum resummation formalism for the production
of colourless systems with large invariant mass. We outline the physical differences between
the processes that are mediated by the qq¯ annihilation and gluon fusion subprocesses
at LO. In particular, the issue of azimuthal correlations at small transverse momenta is
introduced in Section 3.4.1, and in Section 3.4.2 we show their non-vanishing impact on
the azimuthally-averaged cross section. In Chapter 4 we discuss the transverse-momentum
resummation for the production of heavy-quark pairs at hadron colliders. In Section 4.1 we
sketch the all-order resummation formula of Ref. [95]. Section 4.2 outlines the azimuthal
structure of the resummed cross section. In particular, in Section 4.2.1 we present the
explicit form of the azimuthal correlations at small qT in NLO QCD and we provide the
6
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resummation formula at NLL+NLO accuracy. In Section 4.2.2 we show the contribution
of the azimuthal correlation terms at NNLO and we analytically compute the azimuthal
integrals, which are crucial for the computation of the transverse-momentum resummed
cross section at NNLL+NNLO accuracy and the NNLO QCD corrections in the framework
of the qT subtraction method. Starting from Section 4.3 we present the treatment of colour-
correlated contributions in our computation. In particular, we fix the colour basis in
Section 4.3 and present the explicit expressions for the soft anomalous dimension matrices
in the chosen basis. Since the soft anomalous dimension matrices are not diagonal in
colour space, we present the general algorithm of its diagonalization that is needed for
the numerical implementation of the resummed qT spectrum. In Section 4.5 and 4.6 we
consider the azimuthally-averaged cross section and present the explicit expressions for
the resummed and finite contributions at NNLL+NNLO, including the contributions from
the azimuthally-correlated terms. We conclude the Chapter by presenting our numerical
results for the resummed qT spectrum at NLL+NLO accuracy in Section 4.7, and a first
comparison to ATLAS data. Chapter 5 is devoted to the extension of the qT subtraction
method for the heavy-quark pair production process. We sketch the main building blocks of
the method and present our numerical results at NLO and NNLO, by showing, for the first
time, the cancellation of IR singularities in all partonic channels. In Chapter 6 we discuss
the inapplicability of the fixed-order perturbation theory in providing physical predictions
for azimuthal distributions for a large class of processes. In Section 6.1 we present our
solution to the problem in the transverse-momentum resummation framework, extended
to deal with azimuthal correlations at small qT . We also present here quantitative results
for fixed-order and resummed azimuthal correlations. Chapter 7 provides a brief summary
and an outlook.
This thesis is the subject of three publications. The NNLO computation for heavy-
quark pair production in the framework of the qT subtraction method is documented in
Ref. [108]. The numerical study of the resummed transverse-momentum spectrum of heavy-
quark pairs will be published soon [110]. Finally, we are close to finalizing a detailed paper
on the issue of the azimuthal asymmetries in general, along with the first numerical studies
of the resummed azimuthal distributions for heavy-quark pair production [96].
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Chapter 2
Quantum Chromodynamics
Quantum Chromodynamics (QCD) is the theory of strong interactions, one of the four
fundamental forces of nature. It describes the interactions of quarks via their colour quan-
tum numbers, mediated by the gauge bosons of the theory – the gluons. It is similar in
structure to Quantum Electrodynamics (QED), but with an important difference: QCD
is described by a non-Abelian gauge group, SU(3), which allows for self-interactions of
gluons. In the following, we sketch the historical developments towards the establishment
of QCD and outline the main properties of the theory, such as confinement and asymptotic
freedom.
The existence of approximately point-like constituents inside hadrons (protons and
neutrons, in particular) was demonstrated by the classic electron deep inelastic scatter-
ing experiments performed at Stanford Linear Accelerator Center (SLAC) [111, 112]. To
explain this phenomenon, the parton model was proposed, in which the constituents of
hadrons were identified with partons, that we now know to be the quarks and the gluons.
Hadrons are categorized into two families: baryons (proton, neutron, etc.) and mesons
(pion, kaon, etc.). The observed baryons are interpreted as bound states of three quarks
qqq, while mesons are formed from a quark-antiquark pair qq¯. There are three families of
quarks, each family containing one up-type and one down-type quark (2.1).(
u
d
)
,
(
c
s
)
,
(
t
b
)
. (2.1)
The quarks are referred to by their flavours, and called u (up), d (down), c (charm),
s (strange), t (top) and b (bottom). The up-type quarks (u, c and t) carry an electrical
charge of +2/3 and the down-type quarks (d, s and b) carry an electrical charge of −1/3,
in the units of the electron charge.
In the naive quark model, that is, without assigning a colour charge to the quarks,
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there is a difficulty in constructing the low-lying baryon states, such as the pion-nucleon
resonance ∆++, which is of spin 3/2. Based on its charge, isospin and strangeness, ∆++
is formed by three u-quarks. Moreover, for the state of ∆++, with the third component
of the total angular momentum J3 = 3/2, all three u-quarks must also have their spins
aligned up
|∆ + +, J3 = 32〉 = |u ↑, u ↑, u ↑〉 . (2.2)
This assignment runs into a problem, because the quarks are assumed to be fermions
and, hence, according to the Pauli exclusion principle, the same quantum state cannot be
occupied by more than one quark with the same quantum numbers. This forces one to
assume the existence of a hidden degree of freedom for quarks, the colour, to distinguish the
otherwise identical three quarks. By introducing the additional colour quantum number,
it is then easy to construct a totally antisymmetric state for ∆++
|∆ + +, J3 = 32〉 = ijk |u
i ↑, uj ↑, uk ↑〉 , (2.3)
where the indices i, j and k are the quark colour indices and ijk is the totally antisymmetric
tensor. For the construction of baryon states, like in Eq. (2.3), one needs at least three
colours for the quarks. There is, in fact, experimental evidence, that the quarks have
exactly three colours. The two most well-known indirect evidences for the colour degree of
freedom are the decay pi → γγ and e+e− annihilation into hadrons.
Since the colour degree of freedom are not observed in the experiments, one may assume
that the hadronic phenomena are unaltered under the colour transformations. The colour
symmetry group is assumed to be the SU(3) group, and all the hadrons are in the colour-
singlet states of SU(3). The corresponding colour-singlet state for the mesons can be
constructed similarly to the baryon case in Eq. (2.3)
|M〉 = 1√
3
δij |qiq¯j〉 . (2.4)
The fact that the colour is not directly observable means that the quarks are confined
to the inside of hadrons and are not observed as isolated states. This is known as quark
confinement postulate.
Because of the confinement of quarks it was highly doubted that the parton model could
be used for perturbative studies of strong interactions. The situation changed fundamen-
tally with the discovery of asymptotic freedom in non-Abelian gauge theories in 1973 [8,9],
which eventually led us to QCD. The asymptotic freedom predicts the coupling constant of
strong interactions to be small at high energies so that the quarks behave as free particles
at asymptotic energies. We discuss the property of asymptotic freedom in a bit more detail
in Section 2.3, when we present the running of the strong coupling constant.
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2.1 The Lagrangian of QCD
The QCD Lagrangian density has the following form
LQCD = Lclassic + Lgauge−fix + Lghost . (2.5)
The expression for the classical Lagrangian density Lclassic is
Lclassic = −14F
a
µνF
a,µν +
∑
flavours
q¯i(i /Dij −mqδij)qj . (2.6)
These terms describe the interaction of quarks with mass mq and gluons. The quark fields
qi are in the triplet representation of the colour group (i = 1, 2, 3). F aµν is the gluon field
strength tensor and is given by
F aµν = ∂µAaν − ∂νAaµ − gSfabcAbµAcν , (2.7)
where gS is the strong coupling of QCD and fabc (a, b, c = 1, . . . , 8) are the structure
constants of the SU(3) colour group. It is the third ’non-Abelian’ term on the right-hand
side of Eq. (2.7) that distinguishes QCD from QED, giving rise to trilinear and quadrilinear
gluon self-interactions. /D in Eq. (2.6) is the short-hand notation for γµDµ, and Dµ is the
covariant derivative. Acting on triplet and octet fields the covariant derivative takes the
following form in terms of the gluon field Aµa
Dµij = ∂µδij + igSAµc tcij , D
µ
ab = ∂µδab + igSAµcT cab , (2.8)
where tc and T c are the generators of SU(3) in the fundamental and adjoint representations
respectively and satisfy the following relations:[
ta, tb
]
= ifabctc ,
[
T a, T b
]
= ifabcT c , (T a)bc = −ifabc . (2.9)
By convention, the SU(N) matrices are normalized in the following way:
Tr(tatb) = TRδab , TR =
1
2 . (2.10)
With this choice one gets the following relations for the colour matrices:
∑
a
taijt
a
jk = CF δik , CF =
N2 − 1
2N , (2.11)
Tr(T cT d) =
∑
a,b
fabcfabd = CAδcd , CA = N . (2.12)
While the first term Lclassic in Eq. (2.5) generates the dynamics of quarks, the last two
terms are needed for the consistent quantization of the theory. The key point is that it is
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impossible to define the propagator for the gluon field in an unambiguous way and, thus,
one needs to choose a specific gauge. The gauge-fixing Lagrangian density Lgauge−fix can
be written as
Lgauge−fix = − 12ξG(A) , (2.13)
where the choice G(A) = |∂µAa,µ|2 leads to the covariant gauges and G(A) = |nµAa,µ|2
(nµ being some light-like reference vector) leads to the axial gauges. If a covariant gauge-
fixing term is used, the gluon field has non-physical longitudinal degrees of freedom, which
must be subtracted. This is achieved by introducing the ghost fields through the following
Lagrangian
Lghost = c¯a(−∂2δac − gS∂µfabcAbµ)cc , (2.14)
where the ghost fields ca are complex scalar fields which obey Fermi statistics. Ghosts
only appear as virtual particles in loops, never as physical external states. They decouple
completely from the theory if an axial gauge is used.
2.2 General structure of perturbative QCD cross sec-
tions
In Quantum Field Theories, and in QCD in particular, the general mechanism of obtaining
theoretical predictions is based on the perturbative expansion of cross section in powers of
the coupling constant, provided that the latter is small. In this section we briefly sketch the
general structure of QCD cross sections. For simplicity, let us consider a scattering process
in QCD with two initial-state and m final-state massless particles. We write the cross
section σ(k1, k2) as a power series expansion in the QCD coupling constant αS = g2S/(4pi):
σ(k1, k2; {pi};αS) = αkS
[
σ(LO)(k1, k2; {pi}) + αS σ(NLO)(k1, k2; {pi})
+ α2S σ(NNLO)(k1, k2; {pi}) + · · ·
]
,
(2.15)
where k1 and k2 are the momenta of the initial-state partons, and pi are the final-state
momenta. Under the assumption of small coupling constant, a first estimate of the cross
section for the given reaction can be obtained by taking into account only the lowest order
cross section σ(LO). This is the leading order (LO) approximation and the cross section at
this order can be computed by
σ(LO) =
∫
m
dσB , (2.16)
where the Born-level cross section σB is simply a product of the m-particle phase space
measure dΦ(m), the tree-level matrix elementM(0)m ({pi}) and some measurement function
Jm({pi})
dσB = dΦ(m)|M(0)m ({pi})|2Jm({pi}) . (2.17)
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The m-particle phase space measure in Eq. (2.17) can be written in the following form:
dΦ(m) = (2pi)
4
4F
m∏
i=1
d4pi
(2pi)3 δ+(p
2
i )δ4(k1 + k2 −
m∑
i=1
pi) , (2.18)
with the incoming flux F defined as F =
√
(k1 + k2)2/2.
The matrix element M(0)m ({pi}) in Eq. (2.17) is the Born-level scattering amplitude,
which is computed based on the Feynman rules that can be derived from the QCD La-
grangian of Eq. (2.5). The measurement function Jm({pi}) is some phase space function
that defines the physical quantity we want to compute.
The LO approximation in most cases gives only an order of magnitude estimate of the
cross section. For a reliable prediction the higher order terms in the expansion (2.15) must
be included in the computation. At next-to-leading order (NLO) there are two types of
corrections to the LO process: real (one more parton in the final state) and virtual (one
more parton running in a closed loop).
σ(NLO)(k1, k2; {pi}) =
∫
m+1
dσR +
∫
m
dσV . (2.19)
Similar to Eq (2.17), the cross sections for the real and virtual corrections can be written
as
dσR = dΦ(m+1)|M(0)m+1|2Jm+1({pi}) ,
dσV = dΦ(m)
[
M(1)mM(0)†m +M(1)†m M(0)m
]
Jm({pi}) , (2.20)
where dΦ(m+1) and Jm+1({pi}) are now defined for m+ 1 final-state particles.
Both the real and virtual corrections separately have divergent behaviour in some phase
space regions. The calculation of loop corrections usually is accompanied with integrals
which diverge in the limit when the loop momentum goes to infinity. These singularities
are known as ultraviolet (UV) divergences and for renormalizable theories like QCD can
be removed through the renormalization procedure, which consists in a redefinition of the
bare couplings and masses in the Lagrangian of Eq. (2.5) (see Sections 2.3 and 2.4).
Besides the UV divergences, the QCD scattering amplitudes also contain infrared (IR)
singularities. In the case of virtual corrections the IR divergences, as in the case of UV
divergences, originate from the integration over the loop momentum, but in this case the
divergences are related to the small momentum k → 0 limit. The IR singularities in the
case of the real corrections arise after the integration of the scattering amplitudes over the
phase space of the additional soft or collinear gluon, radiated from the external legs. As we
will see in Section 2.5 the IR singularities cancel out for sufficiently inclusive QCD processes
with no initial-state hadrons, after summing the virtual and real corrections. The case of
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QCD processes with initial-state hadrons is more involved and the perturbative calculation
is accompanied with some left-over initial-state collinear divergences, which, however, can
be handled by an appropriate redefinition of hadronic structure functions (see Section 2.7).
2.3 The running coupling constant
To introduce the concept of running coupling constant, let us consider a dimensionless
physical observable R which depends on a single physical scale Q. Let us also assume that
the scale Q is much larger than the mass of any particle involved in the process, and, thus,
one can neglect them. This means, that Q is the only variable that has a mass dimension.
And since R is dimensionless, one naturally expects that R should not depend on Q.
As we have mentioned in Section 2.2 the virtual corrections to the LO process suffer
from UV divergences, which need to be removed through the renormalization. The renor-
malization procedure introduces an unphysical scale, µR, which is the scale at which the
subtraction of UV divergences is performed. Due to the presence of this new scale µR, R is
not constant in Q, but can rather depend on the ratio Q2/µ2R. Moreover, R also implicitly
depends on the renormalization scale through the running coupling αS(µR). However, since
µR is an arbitrary parameter, physical observables cannot depend on it. This leads to a
number of renormalization group (RG) equations. The µ independence of R can be written
in the following way
µ2
∂
∂µ2
R(Q2/µ2, αS) ≡
[
µ2
∂
∂µ2
+ µ2∂αS
∂µ2
∂
∂αS
]
R = 0 . (2.21)
One can write Eq. (2.21) in a more compact form[
− ∂
∂t
+ β(αS)
∂
∂αS
]
R(et, αS) = 0 , (2.22)
by introducing the following notations
t = ln
(
Q2
µ2
)
, β(αS) = µ2
∂αS
∂µ2
. (2.23)
The first-order partial differential equation (2.22) can be solved by implicitly defining a
new function, the running coupling αS(Q2)
t =
∫ αS(Q2)
αS(µ2)
dαS
β(αS)
. (2.24)
Differentiating Eq. (2.24) one finds
∂αS(Q2)
∂t
= β(αS(Q2)) ,
∂αS(Q2)
∂αS
= β(αS(Q
2))
β(αS)
, (2.25)
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and therefore R(1, αS(Q2)) is a solution of Eq. (2.22), which means that all the scale
dependence of R enters through the running coupling constant αS(Q2). The dependence
of the running coupling αS(Q2) on the scale Q is described by the RG equation:
d lnαS(Q)
d lnQ2 = β(αS(Q)) = −
∞∑
n=0
βn
(
αS
pi
)n+1
, (2.26)
where the coefficients of the QCD beta function β are computable in perturbation theory.
The exact expression of the first two coefficients, β0 and β1 is [113]
β0 =
1
12(11CA − 2nf ) , β1 =
1
24(17C
2
A − 5CAnf − 3CFnf ) , (2.27)
where nf is the number of active light flavours†. Here we see the effect of the non-Abelian
interactions in QCD, namely that β0, unlike to corresponding QED coefficient, is positive
for nf ≤ 16.
Eq. (2.26) has an analytical solution only at the lowest order, which reads
αS(Q2) =
αS(µ20)
1 + αS(µ20)β0pi ln(Q2/µ20)
. (2.28)
Evidently, the absolute value of the strong coupling constant is not computable in pertur-
bation theory. However, if the strong coupling constant is measured at some scale µ0, by
using Eq. (2.28) or the higher-order solutions of Eq. (2.26), one can compute its value at
any other scale, for instance at the mass of the Z boson, mZ . Fig. 2.1 depicts the world
average of the value of αS(m2Z), extracted from different measurements at different energy
scales Q [114]. The line depicts the theory prediction in Eq. (2.28) of the running.
QCD αs(Mz) = 0.1181 ± 0.0013
pp –> jets
e.w. precision fits (NNLO)  
0.1
0.2
0.3
αs (Q2)
1 10 100Q [GeV]
Heavy Quarkonia (NLO)
e+e–   jets & shapes (res. NNLO)
DIS jets (NLO)
October 2015
τ decays (N3LO)
1000
 (NLO
pp –> tt (NNLO)
)(–)
Figure 2.1: Summary of measurements of αS as a function of the energy scale Q.
†For example, nf = 5 for the top-quark pair production process.
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The crucial consequence of Eq. (2.28) and the fact that β0 > 0 is that αS decreases with
the energy, as it is shown in Fig. 2.1, meaning that αS(Q2) → 0 at asymptotic energies
Q → ∞. This is the fundamental property of QCD, the asymptotic freedom mentioned
in the beginning of this chapter, which justifies the validity of perturbation theory at
sufficiently high energies. At small energies, however, αS becomes large and perturbation
theory breaks down. One could get an order of magnitude estimate of the scale ΛQCD
where this happens by requiring the denominator of the solution in Eq. (2.28) to vanish,
which gives about ΛQCD ∼ 200 MeV. Thus, αS(Q2) becomes large and perturbation theory
breaks down for scales comparable with the masses of light hadrons (Q ' 1 GeV). This
could be an indication that the confinement of quarks and gluons inside the hadrons is
actually a consequence of the growth of the coupling at low scales.
2.4 Quark masses
Having discussed the QCD coupling in Section 2.3, we now turn to the discussion of other
physical parameters in the QCD Lagrangian of Eq. (2.5), namely, the quark masses. The
masses in the Lagrangian, as for the coupling constant, are not physical quantities. The
physical masses can be defined only after renormalization. In QED the lepton masses are
defined through their classical limit. This procedure, however, is not applicable to the
quarks, because the quarks are not observable, and, thus, their masses cannot be measured
directly, but must be determined indirectly, through their impact on hadronic properties.
Moreover, any quantitative statement on the value of a quark mass must make reference
to the particular theoretical framework that is used to define it. One can define the quark
masses in a close analogy with the QCD coupling constant. Let us consider for simplicity
the case in which there is one flavour of quark with renormalized mass m. Examining the
scale dependence of the dimensionless physical observable R, one gets the following RG
equation for the quark mass:
µ2
m
∂m
∂µ2
= −γm(αS) = −
∞∑
n=1
γ(n)m
(
αS
pi
)n
, (2.29)
where γm(αS) is the mass anomalous dimension, which is known to four-loop order in
perturbation theory [115, 116]. The mass anomalous dimension depends on the renormal-
ization scheme. The explicit expression for its first two coefficients in the most commonly
used renormalization scheme, MS, reads:
γ(1)m = 1 , γ(2)m =
101
24 −
5nf
36 . (2.30)
The solution of Eq. (2.29) is given by
m(Q) = m(µ)exp
[
−
∫ αS(Q)
αS(µ)
dαS
γm(αS)
β(αS)
]
, (2.31)
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which, at first perturbative order in the MS scheme simplifies to
m(Q) = m(µ)
[
αS(µ)
αS(Q)
] 1
β0
, (2.32)
where by m we denoted the running mass in the MS scheme.
An alternative scheme of defining the quark masses is the pole mass. In this scheme
one defines the quark mass m to be the pole of the propagator i(/p + m)/(p2 −m2) to all
orders. This is close to one’s physical picture of mass, and is very useful for the processes
with the characteristic scales Q ∼ m, but it turns out that it is similar to a running mass
scheme with µ of order m and therefore generates large logarithms and large truncation
error for Q m. The pole mass m and the MS mass m are related to each other. At first
non-trivial order the relation is given by
m = m(m)
(
1 + CF
αS(m)
pi
+O(α2S)
)
, (2.33)
where αS(m) is the QCD coupling constant in the MS scheme.
For all numerical calculations in this thesis we assume the light quarks (u, d, s, c, b) to
be massless and we choose the pole mass for the top quark mt = 173.3 GeV.
2.5 Infrared singularities in QCD
As we have discussed in Section 2.2, the QCD corrections to the scattering processes
are accompanied with UV and IR singularities. We have mentioned that the UV diver-
gences are handled by the renormalization procedure, leading to the redefinition of the
bare couplings and masses of the QCD Lagrangian. In this section we briefly sketch the
structure of QCD IR singularities. As a test case we consider the first-order QCD correc-
tions to a classical process, electron-positron annihilation into quark and antiquark pair
e+(q1) e−(q2) → q(p1) q¯(p2). At the Born level it is a purely QED process and the cross
section is given by
σ0 =
4piα2
Q2
Nc
∑
e2q , (2.34)
where the sum runs over the different flavours of the quarks, α is the QED coupling
constant, Q2 = 2 q1 · q2 is the center of mass energy of the e+e− pair and eq are the
electrical charges of the quarks. As it was mentioned in Section 2.2, at NLO real and
virtual corrections to the LO process must be computed. Let us first consider the real
QCD corrections to the Born process, when a gluon with momentum p3 is radiated from
16
Chapter 2. Quantum Chromodynamics
one of the quark lines. For the kinematics of the real radiation one can use the following
variables
xi =
2 pi ·Q
Q2
, (2.35)
which are the energy fractions xi = 2Ei/Q of three partons in the center of mass frame,
and hence are positive quantities xi > 0. They also obey the following constraint
x1 + x2 + x3 =
2∑ pi ·Q
Q2
= 2 , (2.36)
due to the energy conservation. One can also relate these energy fractions to the scattering
angles. For example
2 p1 · p3 = Q2 − 2 p2 ·Q = Q2(1− x2) = 2E1Eg(1− cos θ13) , (2.37)
where E1 and Eg are the energies of the quark and the extra radiated gluon and θ13 is
the angle between them. Since 1 − cos θij is positive, it follows from Eq. (2.37) that the
energy fractions are also bounded from above xi < 1. To compute the cross section for the
real radiation one needs to compute the integral of the matrix element over the three-body
phase space. The three-body phase space measure Φ3 can be written as
dΦ3 =
1
(2pi)5
Q2
32 dφ d(cos β) dγ dx1 dx2 dx3 δ(2− x1 − x2 − x3) , (2.38)
where φ, β and γ are the Euler angles. Using the variables in Eq. (2.35) the real cross
section, integrated over the Euler angles, can be written as
σR =
∫ 1
0
dx1 dx2 dx3 δ(2− x1 − x2 − x3) |Mreal(x1, x2, x3)|2 , (2.39)
where the matrix elementMreal(x1, x2, x3) is easy to compute and is given as follows
|Mreal(x1, x2, x3)|2 = σ0CF αS2pi
x21 + x22
(1− x1)(1− x2) . (2.40)
One can see that the integrals over x1 and x2 are divergent along the boundaries x1,2 = 1.
From the relation between the energy fractions and the angles in Eq. (2.37) we see that
the singularities come from the regions of phase space where the gluon is collinear with the
quark or antiquark (θ13 → 0, or θ23 → 0, corresponding to the limits x1 → 1 or x2 → 1),
or where the gluon is soft, Eg/Q → 0 (x1 → 1 and x2 → 1, or, alternatively, x3 → 0).
Since in the real world one does not really integrate up to x1,2 = 1, but rather up to some
physical cutoff of the order of 1 − ΛQCD/Q, the infrared singularities are not real (from
mathematical point of view) singularities. We indeed get
αS(Q2)
∫ 1−ΛQCD/Q
0
dx
1− x = αS(Q
2) ln
(
Q
ΛQCD
)
, (2.41)
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which is finite, but spoils the perturbative expansion, since αS(Q2) ln (Q/ΛQCD) can be of
the order of one even for small QCD coupling αS(Q2). In other words, the existence of
the IR singularities in the real matrix element means that there are non-perturbative phe-
nomena in the calculation which are not power suppressed at high energies, thus breaking
the factorization pattern into short and long distance physics. The apparent breakdown
of the factorization formula is cured once the virtual corrections are also considered. The
virtual corrections are very similar to the real corrections as far as the matrix elements
are considered. However, the kinematics of the virtual corrections is different, because of
the absence of the extra radiated parton in the final state, so the momentum conservation
takes the same form as in the Born case. The cross section for the virtual corrections can
be written as
σV =
∫ 1
0
dx1dx2δ(2− x1 − x2)
∫ ∞
0
dx3|Mvirtual|2 , (2.42)
where the integration over x3 is over the energy fraction of the particle running in the loop,
which is unconstrained. To understand better the origin of the IR divergences in this case
let us split the integration over the loop momentum into two pieces∫ ∞
0
dx3 · · · =
∫ ∞
1
dx3 · · ·+
∫ 1
0
dx3 · · · . (2.43)
The first integration on the right-hand side of Eq. (2.43) gives rise to the UV divergences,
while the second integration is responsible for the IR divergences and has the same form
as the integrals for the real correction in Eq. (2.39). Both the UV and the IR divergences
can be regularised using, for example, dimensional regularization, where one computes the
integrals in d = µ = 4 − 2 dimensions. In this regularization method the singularities
show up as explicit poles in . Performing the integrations in Eqs (2.39) and (2.42) gives
σR = σ0Nc
∑
e2qCF
αS
2piH()
[ 2
2
+ 3

+ 192
]
, (2.44)
and
σV = σ0Nc
∑
e2qCF
αS
2piH()
[
− 2
2
− 3

− 8
]
, (2.45)
whereH() is some function of Euler Gamma functions of  which is finite in the → 0 limit.
One can see that the IR poles of real and virtual corrections are exactly the same with the
opposite sign. Thus, once added together, theO(αS) corrections are finite. The cancellation
of IR divergences between the real and virtual corrections to the e+e−-annihilation process
is a direct consequence of the Kinoshita-Lee-Nauenberg (KLN) theorem [25–27], which
states that IR divergences cancel out in transition probabilities when summing over all the
degenerate initial and final states.
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2.6 Infrared factorization of QCD amplitudes
In this section we review the infrared behaviour of tree-level QCD scattering amplitudes
at the first order in the QCD coupling, αS. At this order the structure of infrared singu-
larities has been known for long time. To set the notation, we consider a tree-level matrix
elementMm with m final-state QCD partons (massless quarks and gluons) with momenta
p1, . . . , pm, which has the following general structure
Mc1,...,cm;s1,...,sma1,...,am (p1, . . . , pm) , (2.46)
where {c1, . . . , cm}, {s1, . . . , sm} and {a1, . . . , am} respectively denote the colour, spin and
flavour indices of the m external particles. There are a = 1, . . . , N2c − 1 different colours
for each gluons and α = 1, .., Nc different colours for each quark or antiquark. We use
the conventional dimensional regularisation (CDR) scheme with d = 4 − 2 space-time
dimensions and consider two helicity states for the fermions and d − 2 helicity states for
gluons. Thus, we denote the spin indices as s = 1, 2 for quarks and µ = 1, . . . , d for gluons.
We also define the spin-polarization tensor
T s1s′1a1,...,am =
∑
spins 6=s1,s′1
∑
colours
Mc1,...,cm;s1,...,sma1,...,am
[
Mc1,...,cm;s′1,...,sma1,...,am
]†
, (2.47)
which is the square of the matrix element in Eq. (2.46), summed over all spins except s1
and summed over all colours.
2.6.1 Factorisation in the collinear limit
We now consider the singular collinear limit of the m-particle tree-level amplitude of
Eq. (2.46) which is realized when the momenta of two partons, for example, p1 and p2,
become parallel. To define this collinear limit we use the following parametrization of
momenta:
pµ1 = zpµ + kµ⊥ −
k2⊥
z
nµ
2 p · n ,
pµ2 = (1− z)pµ − kµ⊥ −
k2⊥
1− z
nµ
2 p · n , (2.48)
where the light-like (p2 = 0) vector pµ denotes the collinear direction and nµ is an auxiliary
light-like vector which is necessary to specify how the collinear direction is approached.
With this parametrization the scalar product of the momenta p1 and p2 becomes
s12 ≡ 2 p1 · p2 = − k
2
⊥
z(1− z) , (2.49)
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and, thus, the collinear limit corresponds to kµ⊥ → 0. In this limit the square of the matrix
element in Eq. (2.46) behaves as follows
|Ma1,a2,...,am(p1, p2, . . . , pm)|2 k⊥→0−−−→
2
s12
4piµ2 αS Pˆ s1s
′
1
a1a2 (z, k⊥; ) T s1s
′
1
a,a3,...,am(p, . . .) , (2.50)
where µ is the dimensional-regularization scale and T s1s′1a,a3,...,am is the spin-polarization tensor,
defined in Eq. (2.47), with the partons a1 and a2 replaced by a single parton a. The parton a
carries the quantum numbers of the pair a1 +a2 in the collinear limit. Thus, its momentum
is pµ and its other quantum numbers are obtained according to the following rule: Gluon
+ anything gives anything and quark + antiquark gives gluon.
The kernel Pˆ s1s
′
1
a1a2 (z, k⊥; ) is the d-dimensional spin-dependent AP splitting function.
The exact expressions of these splitting functions for different flavours are given by
Pˆ ss
′
qg (z, k⊥; ) = Pˆ ss
′
q¯g (z, k⊥; ) = δss′CF
[
1 + z2
1− z −  (1− z)
]
, (2.51)
Pˆ ss
′
gq (z, k⊥; ) = Pˆ ss
′
gq¯ (z, k⊥; ) = δss′CF
[
1 + (1− z)2
z
−  z
]
, (2.52)
Pˆ µνqq¯ (z, k⊥; ) = Pˆ µνq¯q (z, k⊥; ) = TR
[
−gµν + 4z (1− z) k
µ
⊥k
ν
⊥
k2⊥
]
, (2.53)
Pˆ µνgg (z, k⊥; ) = 2CA
[
−gµν
(
z
1− z +
1− z
z
)
− 2 (1− ) z (1− z) k
µ
⊥k
ν
⊥
k2⊥
]
. (2.54)
The AP splitting functions in Eqs. (2.51)–(2.54) are in general matrices acting on the spin
indices s and s′ of the parton a. In the case of fermionic parent partons (Eqs. (2.51)
and (2.52)) the splitting functions are proportional to the unity matrix in the spin indices.
The situation is more involved in the case of collinear splitting of gluons, leading to non-
trivial spin correlations. Due to these spin correlations the spin-average square of the
matrix elementMa,...,am(p, . . . , pm) cannot be simply factorized on the right-hand side of
Eq. (2.50).
2.6.2 Factorisation in the soft limit
Unlike the collinear radiation, the emission of a soft gluon does not affect the spin of the
radiating hard partons. It does, however, affect their colour because the gluon always car-
ries some colour charge. For this reason the soft-gluon emission does not factorize exactly,
as it does the soft-photon emission in QED, and leads to non-trivial colour correlations.
In the following we will derive the factorization formula for a generic tree-level QCD
matrix element with m+ 1 external QCD massless partonsMc1,...,cm;cm+1 (p1, . . . , pm; q), when
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one of the gluons with momentum q and colour c becomes soft [117,118]. We note that the
coupling of the gluon to any internal parton is not singular in the soft limit. It can, thus,
be neglected, and we need to consider only the emission of a soft gluon from the external
legs.
We first consider the emission of a soft gluon from a final-state quark with momentum
pi and colour α. The matrix element Mc1,...,cm;cm+1 (p1, . . . , pm; q) has the following form in
this case:
Mα;cm+1(pi; q) = gSµu¯(pi)(tc)αβεµ(q)γµ
/pi + /q
(pi + q)2
M˜βm , (2.55)
where u¯ is the Dirac spinor of quark i, (tc) is the colour-charge matrix in the fundamental
representation and M˜βm is the the m-particle matrix element with the on-shell quark i
replaced by an off-shell quark: Mβm = u¯(pi)M˜βm. In the soft limit, q → 0, one gets
Mα;cm+1(pi; q) ' gSµu¯(pi)εµ(q)γµ
/pi
2 pi · q (t
c)αβM˜βm (2.56)
= gSµu¯(pi)εµ(q)
2pµi − /piγµ
2 pi · q (t
c)αβM˜βm
= gSµεµ(q)
[
pµi
pi · q
]
(tc)αβMβm ,
where we first used the Clifford algebra to interchange the gamma matrices then the Dirac
equation u¯(pi)/pi = 0 for massless fermions. As anticipated, in the soft limit the (m + 1)-
particle matrix element factorizes into the m-particle matrix element, up to colour corre-
lations. The factorization formula in Eq. (2.56) is the same also in the case of soft-gluon
emission from initial-state antiquark. In the case of initial-state quark and final-state
antiquark, only the colour-charge matrix tcαβ changes: tcαβ → t¯cαβ = −tcβα.
We now proceed with the case when the soft gluon is emitted from the external gluon.
In this case the matrix element Mc1,...,cm;cm+1 (p1, . . . , pm; q) can be written in the following
way:
Ma;cm+1(pi; q) = µελ(pi)εν(q)
idµσ(pi + q)
(pi + q)2
V µνλ(p+ q,−q,−p)M˜a,σm , (2.57)
where dµσ(pi + q) is the gluon polarization tensor and M˜σm is the the m-particle matrix
element with the on-shell gluon i replaced by an off-shell gluon: Mam = εσ(pi)M˜a,σm . The
tensor V µνλ(p+ q,−q,−p) is the triple-gluon vertex, which reads
V µνλ = −gSfabc
[
gµλ(2pi + q)ν + gλν(q − pi)µ + gνµ(−pi − 2q)λ
]
, (2.58)
where fabc is the colour-charge matrix in the adjoint representation. In the soft limit,
q → 0, Eq. (2.57) simplifies to
Ma;cm+1(pi; q) ' −gSfabcµελ(pi)εν(q)
idµσ(pi)
2 pi · q
[
2gµλpνi − gλνpµi − gνµpλi
]
M˜a,σm . (2.59)
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The factorization formula is most easily derived in a physical gauge, where the longitudinal
(unphysical) polarizations of the gluon vanish. In this gauge the gluon polarization tensor
dµσ(pi) has the following form
dµσ(pi) = −gµσ + p
µ
i n
σ + pσi nµ
pi · n , (2.60)
where the light-like vector nµ satisfies the relation n · ε(pi) = 0. It is easy to see that only
the first term in the square bracket on the right-hand side of Eq. (2.59) gives non-vanishing
contribution, and we get
Ma;cm+1(pi; q) ' gSµεν(q)
[
pνi
pi · q
] (
ifabc
)
εσ(pi)M˜a,σm (2.61)
= gSµεν(q)
[
pνi
pi · q
] (
ifabc
)
Mam .
One can see an apparent similarity between the factorization formulae in the quark channel
(Eq. (2.56)) and in the gluon channel (Eq. (2.61)), the only difference being in the colour-
charge matrices. We can write the soft-gluon factorization in a general way, by introducing
a colour basis {|c1, . . . , cm〉} (see, for example, Ref. [29]), such that the matrix element in
Eq. (2.46) is given by
Mc1,...,cm(p1, . . . , pm) = 〈c1, . . . , cm|M(p1, . . . , pm)〉 . (2.62)
For the discussion in this section we do not need to specify the basis, so {|c1, . . . , cm〉} is
an abstract basis in colour space and the ket |M(p1, . . . , pm)〉 is a vector in this space†.
The square of the matrix element, summed over the spins and colours of the partons, can
be written as
|M(p1, . . . , pm)|2 = 〈M(p1, . . . , pm)|M(p1, . . . , pm)〉 . (2.63)
To describe the colour correlations due to soft gluon emission in a general way, we
associate a colour operator T i with the emission from each parton i. If the colour index of
the emitted gluon is a, the colour-charge operator is:
T i ≡ 〈a|T ai . (2.64)
The action of this operator onto the colour space is defined by
〈c1, . . . , ci, . . . , cm, a|T i|b1, . . . , bi, . . . , bm〉 = δc1b1 , . . . , T abici , . . . , δcmbm , (2.65)
where T abc = if bac, if the emitting parton is a gluon, T aαβ = taαβ if the emitting parton is a
final-state quark or an initial-state antiquark and T aαβ = −taβα in the case of an initial-state
quark or a final-state antiquark.
†In Section 4.3, however, when we consider the colour structure of the heavy-quark production matrix
element, we will specify the basis and will give some more details on the colour algebra.
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By definition, each vector |M(p1, . . . , pm)〉, defined by Eq. (2.62), is a colour singlet
state. Therefore, colour conservation implies
m∑
i=1
T i |M(p1, . . . , pm)〉 = 0 . (2.66)
The exchange of a gluon between two partons i and j is given by the following colour
algebra:
T ai T
a
j ≡ Ti ·Tj = Tj ·Ti , if i 6= j; T2i = Ci , (2.67)
where Ci is the Casimir operator and equal to Ci = CA = Nc if i is a gluon and Ci = CF =
(N2c − 1)/2Nc if i is a quark or antiquark.
We can now summarize the factorization formulae in Eqs. (2.56) and (2.61) in one
expression:
〈a|M(q, p1, . . . , pm)〉 ' gSµεµ(q)Jµ(q) |M(p1, . . . , pm)〉 , (2.68)
where the factor Jµ(q) is the tree-level eikonal current and is given by
Jµ(q) =
m∑
i=1
Ti
pµi
pi · q . (2.69)
Though we have used a specific gauge (the physical gauge) to arrive at the factor-
ization formula in Eq. (2.61), we note that the factorization formula is actually gauge
invariant. This is because of an important property of the eikonal current Jµ(q), namely,
its conservation. To see this, let us consider the action of qµJµ(q) operator on the vector
|M(p1, . . . , pm)〉:
qµJ
µ(q) |M(p1, . . . , pm)〉 =
m∑
i=1
Ti |M(p1, . . . , pm)〉 = 0 , (2.70)
where the last equality follows from colour conservation (Eq. (2.66)). As we mentioned
earlier, the choice of the physical gauge was motivated from the simplicity of the calculation
because of the absence of longitudinal polarizations of the soft gluon. A gauge transfor-
mation is equivalent to adding a longitudinal component to the polarization vector of the
soft gluon through the replacement εµ(q) → εµ(q) + λqµ. However, the current conserva-
tion of the eikonal current (Eq.(2.70)) implies that this replacement does not affect the
factorization formula in Eq. (2.68).
By squaring Eq. (2.68) and summing over the gluon polarizations we arrive at the
well-known soft-gluon factorization formula for the squared tree-level amplitude:
|M(q, p1, . . . , pm)|2 ' g2Sµ22
m∑
i,j=1
Sij(q)|M(i,j)(p1, . . . , pm)|2 , (2.71)
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where Sij(q) is the eikonal function and is given by
Sij(q) = pi · pj2 (pi · q)(pj · q) =
sij
siq sjq
, (2.72)
and |M(i,j)(p1, . . . , pm)|2 is the square of colour-correlated tree-level amplitude, which is
defined as follows:
|M(i,j)(p1, . . . , pm)|2 ≡ 〈M(p1, . . . , pm)|Ti ·Tj|M(p1, . . . , pm)〉 . (2.73)
To summarize, in this section we have derived the soft-gluon factorization formula of
the tree-level QCD amplitudes with external massless QCD partons to leading order in
αS. It is easy to show that in the case of massive quarks and antiquarks the factorization
formula in Eq. (2.68) is exactly the same at this order. The differences arise starting from
1-loop order. The soft-gluon factorization formula at 1-loop order with massless QCD
partons has been derived in Ref. [119]. For massive quarks the corresponding results have
been computed in Ref. [120].
2.7 QCD perturbation theory at hadron colliders
The perturbative expansion in Eq. (2.15) relies on the assumption of small coupling con-
stant αS. Because of asymptotic freedom, for large values Q of transferred momentum
the hadrons behave as a collection of weakly interacting particles, quarks and gluons, and
the perturbative expansion is justified. At small scales, however, the colour interaction
becomes very strong, confining the quarks inside the hadrons, and perturbation theory
breaks down. If one is not interested in the details of the interaction at small scales, or in
other words, if one considers a ’sufficiently inclusive’ process, than the parton picture can
be used to describe that process. The parton picture essentially consists in the factorization
of short and long distance phenomena. As an example one can consider the hadronic cross
section in e+e− annihilation, which is completely inclusive over the final state. The hadrons
in the final state are produced first by the production of a qq¯ pair, sketched in Section 2.5.
The quarks then evolve, eventually fragmenting into hadrons. The perturbative stage of
the evolution is controlled by a large scale of the order of the center of mass energy of
e+e− pair. The hadronization contribution gives rise only to power-suppressed corrections
of the order O
(
Λ
Q
)
, and hence can be neglected as long as the high-energy behaviour of
the total cross section is considered.
The parton model picture has been the first attempt to describe the factorization prop-
erties of high-energy collisions. To make it explicit, let us consider an inclusive hadron-
hadron hard-scattering process,
h1(P1) + h2(P2)→ H(Q) +X , (2.74)
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where the colliding hadrons h1 and h2 have the momenta P1 and P2, H denotes the observed
high-mass particle or system of particles (vector bosons, Higgs bosons, heavy quarks, jets,
etc.) and X stands for any unobserved particles produced by the collision of hadrons. Q
is the characteristic hard scale of the scattering process under consideration, which can be
set, for example, by the invariant mass of the produced high-mass system. The dependence
on other measured kinematic variables is implicitly understood. According to the naive
parton model picture, the cross section for this process can be symbolically written as
σH(P1, P2;Q) =
∑
a,b
∫
dx1 dx2 fa/h1(x1) fb/h2(x2) σˆHab(x1P1, x2P2;αS(Q)) , (2.75)
where fa/h(x) is the parton distribution function (PDF), which represents the probability of
finding the parton a inside the hadron h, and σˆHab is the cross section of the hard-scattering
process a+b→ H+X, which can be computed according to the perturbative expansion in
Eq. (2.15). The importance of this picture is that, though the structure functions fa/h(x)
are non-perturbative objects, they are universal, i.e. they depend only on the hadron.
Therefore, they can be measured for one process and then used as an input to make
predictions for other processes involving the same hadron. The factorization formula of
Eq. (2.75), however, fails beyond LO QCD because of the more complicated pattern of
QCD IR singularities than that described in Section 2.5. In particular, it turns out that
for the processes with initial-state hadrons, the IR singularities do not cancel even after
summing the virtual and real corrections. Note that the fact of non-cancellation of initial-
state collinear singularities does not contradict the KLN theorem, since the underlying
hard-scattering process a+ b→ H +X is not completely inclusive over the initial state.
The fact that the structure functions fa/h are not computable in perturbation theory
allows us to assume that the PDFs defined in the naive parton model are not physical
quantities, but need to be redefined, analogously to the redefinition of masses and the
coupling constant in the customary UV renormalization procedure. This is possible, in
particular, thanks to the universal factorization of the collinear singularities (see Section 2.6
for more details). The renormalization of bare PDFs introduces an arbitrary unphysical
scale, µF , which represents the scale up to which the initial-state collinear singularities are
reabsorbed into the PDFs, characterised by kT < µF . The QCD factorization formula for
the hadronic cross section for the process (2.74) can be written as:
σH(P1, P2;Q) =
∑
a,b
∫
dx1 dx2 fa/h1(x1, µ2F ) fb/h2(x2, µ2F ) σˆHab(x1P1, x2P2;αS(Q), µ2F )
+O
((
ΛQCD
Q
)p)
,
(2.76)
where ΛQCD is the characteristic scale of QCD, below which perturbation theory is not valid.
Hence, the term O
((ΛQCD
Q
)p)
on the right-hand side of Eq. (2.76) generically denotes non-
perturbative contributions, such as hadronization effects, multiparton interactions, etc.
Both the partonic cross section σˆab(µ2F ) and the parton distribution functions (PDFs)
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fa/h(x, µ2F ) of the colliding hadrons in Eq. (2.76) depend on the factorization scale µF .
However, the dependence should be such that it cancels in the hadronic cross section
σ(P1, P2;Q), since it is the physical cross section and cannot depend on the unphysical
scale. Nonetheless, in a fixed-order computation only finitely many terms in the small
coupling expansion of σˆab(µF ) in Eq. (2.15) are kept, and the µF dependence remains.
Together with the residual dependence on the renormalisation scale µR, this dependence
is often used to obtain an estimate for the yet uncalculated higher-order contributions.
It should be noted that, even though µF is an arbitrary scale, in a real calculation one
should take care on the choice of its value. The reason is that the higher-order corrections
to the partonic cross section in Eq. (2.15) contain logarithms of the form, αnS ln (Q/µF )
n.
These logarithmic contributions can be large if µF is chosen very different from the hard
scale Q, thus spoiling the perturbative expansion in Eq. (2.15). Therefore, the factorization
scale should be chosen of the order of the hard scale of the process µF ∼ Q.
As non-perturbative quantities, the PDFs cannot be obtained from first principles.
However, the scale-dependence on µF arises from perturbative physics at the separa-
tion scale and can thus be computed using QCD perturbation theory by means of the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution equations [121–123]
Q2
d
dQ2
fa/h(x,Q2) =
∑
b
∫ 1
x
dz
z
Pab(αS(Q2), z)fa/h(x/z,Q2) , (2.77)
where Pab(αS(Q2), z) are the Altarelli-Parisi (AP) splitting functions. These functions are
universal, they only depend on the species of partons involved in the splitting process and
have the following perturbative expansion in αS
Pab(αS, z) =
∞∑
n=1
(
αS
2pi
)n
P
(n)
ab (z) . (2.78)
To leading order in αS the AP splitting functions are [123]
P (1)qq (z) = CF
[
1 + z2
1− z
]
+
, (2.79)
P (1)qg (z) = TR
[
z2 + (1− z)2
]
, (2.80)
P (1)gq (z) = CF
[
1 + (1− z)2
z
]
, (2.81)
P (1)gg (z) = 2CA
[
z
(1− z)+ +
1− z
z
+ z(1− z)
]
+ δ(1− z)β0 . (2.82)
The ’plus-distribution’ of a function f(z) is defined as∫ 1
0
dz[f(z)]+g(z) =
∫ 1
0
dz[f(z)− f(1)]g(z) , (2.83)
where g(z) is a test function and it is regular at z = 1.
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2.8 Soft-gluon effects in multi-scale processes
Up to now we have considered QCD processes with only one hard scale Q. We have seen
in this case that the soft singularities in real and virtual corrections cancel each other for
infrared-safe quantities. However, when more than one scale is present, the emission of soft
gluons can still be relevant and lead to large logarithmic contributions. As an example,
let us consider the production of a jet with small invariant mass in e+e− collisions. It is a
two-scale problem, where the mass of the jet m2J is much smaller than the center of mass
energy of the e+e− pair Q2. At the LO the final-state quark and the antiquark are produced
back-to-back. One of them can be identified as the jet of measured mass. We denote the
momentum of the jet at the LO by p, the energy in the center of mass frame is equal to
Ep = Q/2, and the mass of the jet is zero m2jet = 0. At the NLO one has to consider real
and virtual corrections to the LO process. The real correction is due to the emission of an
on-shell gluon with momentum q and energy ω, radiated by one of the final-state quarks
at an angle θ. The differential probability of such a radiation in the soft-collinear limit is
dw
(1)
real = CF
αS
pi
dω
ω
dθ2
θ2
. (2.84)
It has a double-logarithmic spectrum, with dω/ω being the bremsstrahlung spectrum and
dθ2/θ2 being the collinear-splitting spectrum.
The virtual correction is due to the self-energy diagram, where a virtual gluon is emitted
and then reabsorbed by the same quark. Because of unitarity, the differential probability
of the virtual radiation is equal to the real one, but with the opposite sign, thus ensuring
the cancellation of the singularities, according to the KLN theorem
dw
(1)
real = −dw(1)virt . (2.85)
Summing the virtual and real corrections, the cross section can be written as
σ = σ(0)
{
1 + CF
αS
pi
∫ Ep
0
dω
ω
∫ 1
0
dθ2
θ2
[
Θ(m2J −m2jet)− 1
]
+O(α2S)
}
, (2.86)
where the Heaviside theta function Θ(m2J −m2jet) is due to the constraint on the invariant
mass of the jet, which is equal to m2jet = 2p · q = 2ωEp(1 − cos θ) ∼ ωEpθ2 for the real
emission kinematics. The −1 in
[
Θ(m2J −m2jet)− 1
]
is due to the virtual contribution,
where the constraint m2jet  m2J is automatically fulfilled, because m2jet = 0 for the LO
kinematics. As one expects, the real and virtual contributions are separately divergent in
the soft (ω → 0 or z → 1) and collinear (θ → 0) limits. Using the following identity
Θ(m2J − ωEpθ2)− 1 = −Θ(ωEpθ2 −m2J) , (2.87)
one basically finds that the sum of the real and virtual corrections results in regularising
the soft and collinear divergences. Indeed, from Eq. (2.87) we find that θ2 > m2J/(ωEp)
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and ω > m2J/Ep, such that the cross section in Eq. (2.86) can be written as
σ = σ(0)
{
1− CF αS
pi
∫ Ep
m2J/Ep
dω
ω
∫ 1
m2J/(ωEp)
dθ2
θ2
+O(α2S)
}
, (2.88)
which is now finite and can be integrated to give
σ = σ(0)
[
1− CF αS2pi ln
2 Q
2
4m2J
+O(α2S)
]
. (2.89)
We see that despite the cancellation of IR divergences, the cross section in Eq. (2.89) con-
tains a two-scale logarithm ln2(Q2/4m2J), which can be large in the regime m2J  Q2, be-
cause of a strong kinematical suppression of the real radiation. As a result, αS ln2(Q2/4m2J)
can be ∼ 1 even for small coupling constant αS  1, thus spoiling the convergence of the
fixed-order expansion. To obtain reliable phenomenological results in such situations one
needs to find a technique to improve the perturbation expansion. Such a technique is called
resummation: the large logarithmic contributions arising in the fixed-order expansion are
(re)-summed to all orders by introducing a modified expansion parameter of the form αSL,
L being the large logarithm.
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Transverse-momentum resummation
The transverse-momentum (qT ) spectrum of high-mass systems produced at hadron collid-
ers is another example of a quantity which suffers from large logarithmic contributions in
fixed-order computations. At every order n in the perturbative expansion of the transverse-
momentum spectrum one finds logarithmic terms of the form
αnS ln(M2/q2T )m , m = 2n, . . . 1 , (3.1)
where M is the invariant mass of the final-state system. These logs can be large in the
small-qT region, eventually breaking the convergence of the perturbative expansion. Thus,
to obtain reliable perturbative predictions of the transverse-momentum spectrum at small
qT these terms have to be resummed to all orders in αS according to the techniques
developed in Refs. [70–82].
In this section we review the general formalism of transverse-momentum resummation
for the production of generic colourless high-mass systems (see e.g. Ref. [82]) and we high-
light the universal process-independent ingredients that will enter also in the resummation
formula for the production of a heavy-quark pair. Due to colourless nature of the triggered
final state, the large logarithms appearing in the fixed-order calculation of this class of
processes is limited to the soft and collinear contributions from the initial-state partons
and the colour algebra is simple. It factorises into the Casimir operators of the initial-state
partons, while the colour-correlation terms due to the exchange of non-collinear gluons
between the two partons cancel out in the soft limit. The transverse-momentum resum-
mation in this case is well known and has been applied to number of processes of this
class [124–127].
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3.1 The resummation formalism
We consider the inclusive hard-scattering process
h1(P1) + h2(P2)→ F ({qi}) +X , (3.2)
where the collision of the two hadrons h1 and h2 with momenta P1 and P2 produces a
final-state system F of non-strongly interacting particles (one or more), accompanied by
an arbitrary and undetected final state X. We treat the colliding hadrons as massless
particles and the hadronic center-of-mass energy is
√
s =
√
(P1 + P2)2 =
√
2P1 · P2. The
momenta of the individual particles of the system F are denoted by qµi (i = 3, 4, . . .) and the
total momentum qµ of the system is their sum (qµ = ∑iqµi ). In the centre-of-mass system
of the collision the momentum qµ is fully specified by the invariant massM (M2 = q2), the
two-dimensional transverse-momentum vector qT (with magnitude qT and azimuthal angle
φ(qT)) and the rapidity y = 12 ln
q·P2
q·P1 . If F is composed by more than one particle (for
example, a dilepton), additional independent variables are needed to specify the angular
distribution of the individual particles with respect to the momentum q of the final-state
system. We denote the set of these additional variables by Ω and we consider the following
multidifferential cross section
dσh1h2→F+X(s; qT, y,M,Ω)
d2qT dM2 dy dΩ
. (3.3)
According to the QCD factorization theorem the hadronic multidifferential cross section
can be written as a convolution of PDFs and partonic differential cross section
dσh1h2→F+X(s; qT, y,M,Ω)
d2qT dM2 dy dΩ
=
∑
a1,a2
∫ 1
0
dξ1
∫ 1
0
dξ2 fa1/h1(ξ1, µ2F ) fa2/h2(ξ2, µ2F ) (3.4)
× dσˆa1a2→F+X(sˆ; qT, yˆ,M,Ω;αS(µ
2
R), µ2R, µ2F )
d2qT dM2 dyˆ dΩ
,
where yˆ and sˆ are the rapidity and the center-of-mass energy of the partonic scattering
process which are related to the corresponding hadronic variables y and s by
yˆ = y − 12 ln
ξ1
ξ2
, sˆ = ξ1ξ2s . (3.5)
It is useful to rewrite the factorization formula in Eq. (3.4) in the following way
dσh1h2→F+X(s; qT, y,M,Ω)
d2qT dM2 dy dΩ
= 1
s
∑
a1,a2
∫ 1
x1
dz1
z1
∫ 1
x2
dz2
z2
(3.6)
× fa1/h1(x1/z1, µ2F ) fa2/h2(x2/z2, µ2F )
dσˆa1a2→F+X(qT, z1, z2;M,Ω;αS(µ2R), µ2R, µ2F )
d2qT dz1 dz2 dΩ
,
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where the hadronic scaling variables x1 and x2 are defined such that M2 = x1x2s and
y = 12 ln
x1
x2
. Explicitly
x1 =
M√
s
e+y , x2 =
M√
s
e−y . (3.7)
We have also introduced the partonic scaling variables z1 and z2, which are the momentum
fractions of the partons entering the hard process and are defined such that M2 = z1z2sˆ
and yˆ = 12 ln
z1
z2
. Explicitly
z1 =
M√
sˆ
e+yˆ , z2 =
M√
sˆ
e−yˆ . (3.8)
In the region where qT ∼ M , the QCD perturbative expansion of the partonic cross
section in Eq. (3.6) is controlled by a single expansion parameter, αS(M), and the stan-
dard fixed-order calculations can be safely applied. In the region qT  M , however, the
convergence of perturbative expansion is spoiled by the presence of large logarithms of the
form in Eq. (3.1), which need to be resummed to all orders. To separate these two regions,
therefore, we introduce the following decomposition of the hadronic cross section
dσh1h2→F+X(s; qT, y,M,Ω)
d2qT dM2 dy dΩ
= [dσF ] +
dσreg.h1h2→F+X(s; qT, y,M,Ω)
d2qT dM2 dy dΩ
, (3.9)
where, in order to simplify the later presentation, we have introduced the short-hand
notation [dσF ] for the singular component of the hadronic cross section:
[dσF ] ≡ dσ
sing.
h1h2→F+X(s; qT, y,M,Ω)
d2qT dM2 dy dΩ
. (3.10)
The decomposition of the hadronic cross section into singular and regular components in
Eq. (3.9) implies a corresponding decomposition of the partonic cross section
dσˆa1a2→F+X
d2qT dz1 dz2 Ω
=
dσˆsing.a1a2→F+X
d2qT dz1 dz2 Ω
+
dσˆreg.a1a2→F+X
d2qT dz1 dz2 Ω
, (3.11)
where the first term on the right-hand side contains all the contributions that are enhanced
(singular) at small qT . In particular, besides the large logarithms, these contributions can
also be proportional to δ(2)(qT). On the contrary, the second term on the right-hand side
is regular order-by-order in perturbation theory as qT → 0. More precisely, the integration
of dσˆreg.a1a2→F+X/d2qT over the range 0 ≤ qT ≤ Q0 leads to a finite result which vanishes in
the limit Q0 → 0, at each fixed order in αS.
In practise, of course, one cannot compute all the logarithmic contributions in the per-
turbative series. In actual calculations, however, the singular component dσˆsing.a1a2→F+X can,
through logarithmic expansion, be systematically organized in classes of leading logarith-
mic (LL), next-to-leading logarithmic (NLL), next-to-next-to-leading logarithmic (NNLL)
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contributions. The logarithmic expansion of the singular component
[
dσˆsing.a1a2→F+X
]
l.a.
, then,
needs to be consistently matched with the fixed order expansion of the regular component[
dσˆreg.a1a2→F+X
]
f.o.
at intermediate values of qT
dσˆa1a2→F+X
d2qT dz1 dz2 Ω
→
[
dσˆa1a2→F+X
d2qT dz1 dz2 Ω
]
f.o+l.a
=
[
dσˆsing.a1a2→F+X
d2qT dz1 dz2 Ω
]
l.a
+
[
dσˆreg.a1a2→F+X
d2qT dz1 dz2 Ω
]
f.o
,
(3.12)
where the regular component
[
dσˆreg.a1a2→F+X
]
f.o.
is computed by subtracting from the usual
perturbative series for the partonic cross section [dσˆa1a2→F+X ]f.o., truncated at a given fixed
order in αS, the perturbative truncation of the singular component at the same fixed order
αS [
dσˆreg.a1a2→F+X
d2qT dz1 dz2 Ω
]
f.o
=
[
dσˆa1a2→F+X
d2qT dz1 dz2 dΩ
]
f.o
−
[
dσˆsing.a1a2→F+X
d2qT dz1 dz2 Ω
]
f.o
(3.13)
Moreover, to maintain the full information of the perturbative calculation up to the spec-
ified fixed order, the following condition is imposed [ dσˆsing.a1a2→F+X
d2qT dz1 dz2 Ω
]
l.a

f.o
=
[
dσˆsing.a1a2→F+X
d2qT dz1 dz2 Ω
]
f.o
. (3.14)
The resummation of large logarithmic contributions relies on the factorization of the
cross section in the infrared region. As we have discussed in Section 2.6, the QCD scattering
amplitudes universally factorise in the soft and collinear limits. However, the complete
factorisation of the cross section requires the phase space to factorise as well. In some cases,
one needs to go to some adjoint space to avoid convolutions involving energy-momentum
conservation constraints. In the case of transverse-momentum, the resummation has to
be carried out in the impact-parameter space (b-space), to correctly take into account
the kinematics constraint of transverse-momentum conservation. In b-space the singular
terms are proportional to powers of ln(M2b2) (q2T  M2 corresponds to M2b2  1).
The transverse-momentum resummed cross section is then obtained by inverse Fourier
transformation from b-space to qT-space
dσˆsing.a1a2→F+X
d2qT dz1 dz2 Ω
= M
2
sˆ
∫ d2b
(2pi)2 e
ib·qT WFa1a2(sˆ;M, z1, z2,b,Ω;αS(µ2R), µ2R, µ2F ) . (3.15)
The factor WFa1a2 is the perturbative and process-dependent partonic cross section that
embodies the all-order resummation of the large logarithms lnM2b2. In general, it can
depend both on the modulus of the two-dimensional vector b2, as well as on the azimuthal
angle φ(b). However, as we will see in Section 3.2, for processes which are mediated by qq¯
annihilation at the Born level, the partonic resummation factor WFa1a2 depends only on b2
and not on the azimuthal angle φ(b). In these cases one can straightforwardly integrate
Eq. (3.15) over φ(b) ∫ d2b
2pi e
ib·qT F (b2) =
∫ ∞
0
db b J0(bqT ) F (b2) , (3.16)
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where J0(x) is the 0th-order Bessel function. In this way the two-dimensional Fourier trans-
formation is replaced by the one-dimensional Bessel transformation, leading to a technical
simplification of the resummation formula. More relevantly, the result in Eq. (3.16) implies
that the right-hand side of Eq. (3.15) depends only on qT = |qT| and does not depend on
the azimuthal angle φ(qT) of qT. This, in particular means that dσˆsing.a1a2→F+X/d2qT and
dσˆsing.a1a2→F+X/dq
2
T are simply proportional to each other
dσˆsing.a1a2→F+X
d2qT dz1 dz2 dΩ
= 1
pi
dσˆsing.a1a2→F+X
dq2T dz1 dz2 dΩ
, (3.17)
and Eq. (3.15) simplifies to
dσˆsing.a1a2→F+X
dq2T dz1 dz2 Ω
= M
2
sˆ
∫
db
b
2 J0(bqT )W
F
a1a2(sˆ;M, z1, z2, b,Ω;αS(µ
2
R), µ2R, µ2F ) . (3.18)
In the case of gluon fusion processes, these conclusions about azimuthal correlations at
small qT are no longer true due to spin-correlation effects. We discuss the transverse-
momentum resummation in gluon fusion processes in Section 3.4. The situation becomes
more involved in the case of heavy-quark production, due to additional azimuthal correla-
tions of soft origin.
The resummed cross section WFa1a2 can be organised in a simpler form in the Mellin
space (N -space). The Mellin transform gN of some function g(z) with respect z is defined
as
gN =
∫ 1
0
dz zN−1 g(z) . (3.19)
To keep the full rapidity dependence at the Born level, we define the double Mellin
moments WN1,N2 of W with respect to the z1 and z2 variables in Eq. (3.8) at fixed M :
WFa1a2, (N1,N2)(M, b,Ω;αS(µ2R), µ2R, µ2F ) =
∫ 1
0
dz1 z
N1−1
1
∫ 1
0
dz2 z
N2−1
2 (3.20)
×WFa1a2
(
sˆ = M
2
z1z2
;M, z1, z2, b,Ω;αS(µ2R), µ2R, µ2F
)
.
The double Mellin moment WFN1,N2 can be then symbolically written in the following fac-
torised form:
WFN1,N2(M, b,Ω;αS(µ2R), µ2R, µ2F ) =
[
dσ
(0)
cc¯, F
]
HFN1,N2(M,Ω, αS(µ2R);M2/µ2R,M2/µ2F ,M2/Q2)
(3.21)
× exp{GN1,N2(αS(µ2R), L;M2/µ2R,M2/Q2)} ,
where the factor
[
dσ
(0)
cc¯, F
]
in Eq. (3.30) is the Born level cross section of the partonic
subprocess
c+ c¯→ F . (3.22)
33
Chapter 3. Transverse-momentum resummation
Since the final-state F consists of colourless particles, the partonic subprocesses include
quark-antiquark qq¯ annihilation, q + q¯ → F , and gluon fusion, g + g → F . Explicitly, the
Born level cross section can be written as
[
dσ
(0)
cc¯, F
]
=
dσˆ
(0)
cc¯, F
M2 dΩ(x1P1, x2P2; Ω;αS(M
2)) , (3.23)
where x1P µ1 and x2P µ2 are the momenta of the partons c and c¯. Eq. (3.30) includes the
contribution of both the qq¯ annihilation channel and the gluon fusion channel. Depending
on the specific final state F , one of these two contribution channels may be absent†.
The function HFN1,N2 in Eq. (3.21) does not depend on the impact parameter b. There-
fore, it does not contain large logarithmic terms to be resummed and can be expanded in
powers of αS = αS(µ2R)
HFN1,N2(M,Ω, αS(µ2R)) = 1 +
∞∑
n=1
(
αS
pi
)n
HF (n)N1,N2(M,Ω) , (3.24)
where the dependence on the ratios of scales M2/µ2R, M2/µ2F and M2/Q2 on both sides of
the equation is understood.
Contrary to HFN1,N2 , the function G(N1,N2) contains the complete dependence on b, in
particular, it includes all the terms that are logarithmically divergent when b→∞, order-
by-order in αS. In Eq. (3.21) we have introduced a new unphysical scaleQ, the resummation
scale. The role of the resummation scale is to parametrise the ambiguities, coming from the
factorisation of constant and logarithmic terms in Eq. (3.21). More precisely, the argument
of the large logarithms can always be rescaled as lnM2b2 = lnQ2b2 + lnM2/Q2, provided
that Q does not depend on b and Q ∼ M . The logarithmic expansion parameter L in
Eq. (3.21) is then defined as
L ≡ ln Q
2b2
b20
, (3.25)
where b0 = 2e−γE (γE = 0.5772 . . . is the Euler number). With this definition, L becomes
large when b→∞ or, equivalently, when qT → 0. However, it is also singular in the limit
b→ 0 (qT →∞), thus leading to unjustified impact of large logarithms in the region where
the resummation is not needed. To reduce this impact, one can replace L with L˜
L→ L˜ ≡ ln
(
Q2b2
b20
+ 1
)
. (3.26)
The variables L and L˜ are equivalent in the region Qb  1 (where the resummation is
needed), L˜ = L+O(1/(Qb)2), while at small values of b (large values of qT ), we have L˜→ 0
and exp{G(L˜)} → 1.
†For example, in the case of Higgs boson production only the gluon fusion channel contributes, while
for the production of a vector boson, like Z or W , only the qq¯ annihilation channel contributes. Diphoton
production, on the contrary, receives contribution from both channels.
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In particular, since exp{G(αS, L˜)} = 1 at b = 0, using Eqs. (3.18) and (3.21) and
integrating over the q2T , we obtain the relation∫ ∞
0
dq2T
dσˆsing.a1a2→F+X
dq2T dz1 dz2 dΩ
(sˆ; qT ,M, z1, z2,Ω;αS(µ2R)) =
M2
sˆ
[
dσ
(0)
cc¯, F
]
HF
(
M,Ω, z1, z2, αS(µ2R)
)
,
(3.27)
which simply follows from the fact that the value at b = 0 of the (b-space) Fourier transfor-
mation of the qT -dependent cross section is equal to the integral over qT of the qT -dependent
cross section itself. Since the hard cross section HF is evaluated in fixed-order perturbation
theory, the relation (3.27) implies that the replacement in Eq. (3.26) also allows us to imple-
ment a perturbative constraint on the differential cross section dσˆa1a2→F+X/(dz1dz2dΩ).
More precisely, the integral over q2T of the dσˆa1a2→F+X/(dq2Tdz1dz2dΩ) cross section at
NLL+NLO (NNLL+NNLO) accuracy exactly reproduces the calculation of the differen-
tial cross section dσˆa1a2→F+X/(dz1dz2dΩ) at NLO (NNLO).
As we will show in Section 3.2, G(L˜) can be systematically organised in the following
form:
G(αS, L˜) = L˜g(1)(αSL˜) + g(2)(αSL˜) +
∞∑
n=3
(
αS
pi
)(n−2)
g(n)(αSL˜) , (3.28)
where αS = αS(µ2R) and the functions g(n)(αSL˜) are defined such that g(n) = 0 when
αSL˜ = 0. Counting the powers of logarithms L˜ with respect to powers of αS, we see that
the first term on the right-hand side of Eq. (3.28), L˜g(1), resums the LL contributions
αSL˜
n+1, the coefficient g(2) collects the NLL contributions, αSL˜n, and so forth.
3.2 The resummed component
In Section 3.1 we sketched the structure of the resummed cross section and anticipated
that in the Mellin space the logarithmically-enhanced contributions can be factorised from
constant terms, as it is given by Eq. (3.21). The goal of this section is to fix the perturba-
tive coefficients of the hard-collinear function HFN1,N2 in Eq. (3.24) and the resummation
coefficients g(n) in Eq. (3.28).
The b-space resummation approach was fully formalised in terms of perturbative coef-
ficients in Refs. [79,81]. According to these works the singular component of the hadronic
cross section [dσF ] is written as:
[dσF ] =
M2
s
∫ d2b
(2pi)2 e
ib·qT W F (s; b, y,M,Ω;αS(µ2R), µ2R, µ2F ) . (3.29)
The factor W F is the hadronic cross section that embodies the all-order resummation of
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the large logarithms lnM2b2. It can be written as
W F (s; b, y,M,Ω;αS(µ2R), µ2R, µ2F ) =
∑
a1,a2
∫ 1
x1
dz1
z1
∫ 1
x2
dz2
z2
fa1/h1
(
x1
z1
,
b20
b2
)
fa2/h2
(
x2
z2
,
b20
b2
)
(3.30)
× ∑
c=q,q¯,g
[
dσ
(0)
cc¯, F
]
Sc(M, b)
[
HFC1C2
]
cc¯;a1a2
,
We note that the factorW F in Eq. (3.30) depends only on the absolute value of the impact
parameter b and the inverse Fourier transformation in Eq. (3.29) can be replaced by the
Bessel transformation, according to Eq. (3.16)†. Note also that unlike the factorisation
formula in Eq. (3.6), where the parton densities fai/hi(x, µ2) are calculated at the scale
µF ∼M , the parton densities entering the resummation formula in (3.30) are evaluated at
the scale µ = b0/b, which depends on the impact parameter.
The factor Sc(M, b) is the Sudakov form factor, and it is universal, it only depends on
the partonic channel of the Born process. The Sudakov form factor is produced by soft and
flavour-conserving collinear radiation from the initial-state partons c and c¯, and it resums
logarithmic terms αnS lnk(Mb), starting from the LL contributions (k = 2n) to the qT cross
section. It can be expressed in the following exponential form:
Sc(M, b) = exp
{
−
∫ M2
b20/b
2
dq2
q2
[
Ac(αS(q2)) ln
M2
q2
+Bc(αS(q2))
]}
, (3.31)
where the functions Ac(αS) and Bc(αS) are perturbative functions
Ac(αS) =
∞∑
n=1
(
αS
pi
)n
A(n)c , (3.32)
Bc(αS) =
∞∑
n=1
(
αS
pi
)n
B(n)c . (3.33)
The symbolic factor
[
HFC1C2
]
is process-dependent and has the following explicit form:[
HFC1C2
]
cc¯;a1a2
= HFc (x1P1, x2P2; Ω;αS(M2)) Cca1(z1;αS(b20/b2)) Cca2(z2;αS(b20/b2)) .
(3.34)
where HFc and Cab are both perturbative functions:
HFc (x1P1, x2P2; Ω;αS(M2)) = 1 +
∞∑
n=1
(
αS
pi
)n
HF (n)c (x1P1, x2P2; Ω) , (3.35)
Cab(z;αS) = δab δ(1− z) +
∞∑
n=1
(
αS
pi
)n
C
(n)
ab (z) . (3.36)
†We recall that this is true only for qq¯ annihilation subprocesses. In this section, however, we assume
that the structure of the transverse-momentum resummed cross section in Eq. (3.30) are the same both for
the gg and the qq¯ annihilation subprocesses. In Section 3.4, instead, we present the necessary modifications
of the formulae obtained in this section for gluon fusion subprocesses.
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The function HFc on the right-hand side of Eq. (3.34) does not depend on the impact
parameter b, and, thus is free of logarithmically-enhanced contributions. On the contrary,
the functions Cab depend on the impact parameter through the αS scale b20/b2. These
functions originate from initial-state collinear radiation.
Both the HFc and Cab functions, as well as the function Bc, depend on the so-called
resummation scheme. In particular, the resummation formula (3.30) is invariant under the
following resummation scheme transformations [81]:
HFc (αS)→ HFc (αS) [ h(αS) ]−1 ,
Bc(αS)→ Bc(αS)− β(αS) d ln h(αS)
d lnαS
, (3.37)
Cab(αS, z)→ Cab(αS, z) [ h(αS) ]1/2 .
Depending on the choice of the resummation scheme, the process dependence of the factor[
HFC1C2
]
can be distributed among the functions HFc and Cab. In the following, we
will work in the so-called hard scheme, where all the process dependence of
[
HFC1C2
]
is
contained in the hard-virtual coefficients HFc , while the collinear functions Cab are process-
independent. More precisely, the hard scheme is the scheme, in which, order-by-order in
perturbation theory, the coefficients C(n)ab (z) with n ≥ 1 do not contain any δ(1− z) terms.
The first-order perturbative coefficients C(1)ab of the collinear functions in the hard
scheme read
C(1)qq (z) =
1
2CF (1− z) , (3.38)
C(1)gq (z) =
1
2CF z , (3.39)
C(1)qg (z) =
1
2z(1− z) , (3.40)
C(1)gg (z) = C
(1)
qq¯ (z) = C
(1)
qq′ (z) = C
(1)
qq¯′ (z) = 0 . (3.41)
The second-order coefficients C(2)ab are also known in the hard scheme and can be found in
Ref. [128].
In the hard scheme the process-dependence of HFc comes from the finite part of loop
amplitudes. Let us denote the all-order (virtual) amplitude for the elastic parton scattering
of Eq. (3.22) by Mcc¯→F . In the following we work with renormalised on-shell scattering
amplitudes, which are regularisid by analitic continuation in d = 4 − 2 space-time di-
mensions in the CDR scheme. The all-order perturbative expansion of the renormalised
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amplitude can be formally written as
Mcc¯→F (p1, p2; {qi}) = (αS(µ2R)µ2)k
[
M(0)cc¯→F (p1, p2; {qi}) (3.42)
+
∞∑
n=1
(
αS(µR)
2pi
)n
M(n)cc¯→F (p1, p2; {qi};µR)
]
,
where k is the power of αS in the leading order contribution, M(0)cc¯→F is the Born-level
amplitude andM(n)cc¯→F are the perturbative terms at the n-loop level, renormalised in the
MS scheme.
Each renormalised amplitude M(n)cc¯→F still contains poles of IR origin. The IR diver-
gences in the loop amplitudes have a universal structure, which is known at one-loop [29,
129–131] and two-loop order [129,132,133] for the class of processes in Eq. (3.22). Exploit-
ing this universality, one can then subtract the IR divergences in a process-independent
way. To this end, we define the following auxiliary hard-virtual amplitude [128]
M˜cc¯→F (p1, p2; {qi}) =
[
1− I˜c(,M)
]
Mcc¯→F (p1, p2; {qi}) , (3.43)
where I˜c is a process-independent IR subtraction operator. The dependence of I˜c on  is
fixed at the level of the poles, reproducing the infrared structure of Mcc¯→F . Thus, the
operator
[
1− I˜c
]
subtracts the infrared poles of Mcc¯→F and some of its IR finite terms.
The all-order expansion of the IR subtraction factor is
I˜c(,M) =
∞∑
n=1
(
αS(µ2R)
2pi
)n
I˜(n)c (,M ;µR) . (3.44)
The perturbative expansion of M˜cc¯→F is completely analogous to that in Eq. (3.42).
Explicitly, the first two terms of the expansion read
M˜(0)cc¯→F =M(0)cc¯→F , (3.45)
M˜(1)cc¯→F =M(1)cc¯→F − I˜(1)c (,M ;µR)M(0)cc¯→F .
At the Born level, the two amplitudes are equal, because of the absence of IR divergences.
The first-order subtraction operator I˜(1)c can be written as
I˜(1)c (,M ;µR) = I˜(1)softc (,M2/µ2R) + I˜(1)collc (,M2/µ2R) , (3.46)
where the soft component I˜(1)softc contains the soft-collinear douple pole, and the collinear
component of the subtraction operator I˜(1)collc contains the collinear (non-soft) single pole.
Explicitly they read
I˜(1)softc (,M2/µ2R) = −
eγE
Γ(1− )
(
µ2R
M2
) ( 1
2
+ ipi1

)
Ca , (3.47)
I˜(1)collc (,M2/µ2R) = −
(
µ2R
M2
) 1

γa ,
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where the flavour dependent coefficients γa are
γq = γq¯ =
3
2CF , γg =
11
6 CA −
1
3nF . (3.48)
The hard-virtual resummation coefficient HFc can now be defined in terms of the IR-
finite auxiliary amplitude M˜cc¯→F
HFc (p1, p2;αS(M2)) =
|M˜cc¯→F (p1, p2; {qi})|2
α2kS (M2)M˜(0)cc¯→F (p1, p2; {qi})
, (3.49)
which is the last ingredient of the hadronic resummation formula in Eqs. (3.29) and (3.30).
Having defined all the ingredients entering the formula for the hadronic cross section, we
can now fix the perturbative coefficients of the hard-collinear function HFN1,N2 in Eq. (3.24)
and the resummation coefficients g(n) in Eq. (3.28). To this purpose, let us first define the
double N-moment of the hadronic resummation factor W F with respect to the variables
x1 and x2 in Eq. (3.7) at fixed M
W FN1,N2(b,M,Ω) =
∫ 1
0
dx1 x
N1−1
1
∫ 1
0
dx2 x
N2−1
2 W
F
(
s = M
2
x1x2
; b, y = 12 ln
x1
x2
,M,Ω
)
,
(3.50)
where the dependence on αS(µ2R) and on the renormalisation and factorisation scales µ2R
and µ2F is understood. In Mellin space the convolution integral of two functions are turned
into into ordinary multiplications. To see this on the example of the hadronic resummation
factor in Eq. (3.30) W F , let us consider the Mellin moment W FN1 with respect to x1
W FN1 =
∫ 1
0
dx1 x
N1−1
1
∫ 1
x1
dz1
z1
g(z1) fa1/h1(x1/z1) (3.51)
=
∫ 1
0
dx1 x
N1−1
1
∫ 1
0
dz1
z1
g(z1) fa1/h1(x1/z1) Θ(z1 − x1)
=
∫ 1
0
dz1 z
N1−1
1 g(z1)
∫ 1
0
d(x1/z1) (x1/z1)N1−1 fa1/h1(x1/z1)
= gN1 · fa1/h1, N1 ,
where we have denoted by g(z1) the collective dependence on z1 on the right-hand side
of Eq. (3.30). According to Eq. (3.51), the Mellin moment of the hadronic resummation
factor W FN1 with respect to x1 is given by the Mellin moment of g(z1) with respect to z1
multiplied by the Mellin moment of the parton density fa1/h1, N1 with respect to ξ1 = x1/z1.
To relate the Mellin moment of the hadronic resummation factorW FN1,N2 in Eq. (3.51) to
the partonic oneWFN1,N2 in Eq. (3.21) we need to replace the parton densities fai/hi, Ni(b20/b2)
with fai/hi, Ni(µ2F ). In Mellin space this is done by using
fa/h,N(µ2) =
∑
b
Uab,N(µ2, µ20)fb/h,N(µ20) , (3.52)
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where Uab,N(µ2, µ20) is the QCD evolution operator and fulfils the following evolution equa-
tions
dUab,N(µ2, µ20)
d lnµ2 =
∑
c
γac,N(αS(µ2))Ucb,N(µ2, µ20) , (3.53)
and γac,N(αS) are the parton anomalous dimensions. They are the N -moments of the
customary AP splitting functions Pab(αS, z) in Eq. (2.78):
γab,N(αS) =
∫ 1
0
dz zN−1 Pab(αS, z) =
∞∑
n=1
(
αS
pi
)n
γ
(n)
ab,N . (3.54)
With the replacement fai/hi, Ni(b20/b2) → fai/hi, Ni(µ2F ), the resummed factors W FN1,N2 and
WFN1,N2 are then related by
W FN1,N2(b,M,Ω) =
∑
a1, a2
WFa1a2, (N1,N2)(M, b,Ω) fa1/h1, N1(µ2F ) fa2/h2, N2(µ2F ) , (3.55)
with WFN1,N2 given by
WFa1a2, (N1,N2)(M, b,Ω;αS(µ2R), µ2R, µ2F ) =
∑
c=q,q¯,g
[
dσ
(0)
cc¯, F
]
HFc (M,Ω;αS(M2))Sc(M, b)
(3.56)
× ∑
b1, b2
Ccb1, N1(αS(b20/b2)) Cc¯b2, N2(αS(b20/b2))
× Ub1a1, N1(b20/b2, µ2F ) Ub2a2, N2(b20/b2, µ2F ) .
To bring Eq (3.56) to the anticipated factorised form of Eq. (3.21), we first write down
the solution of evolution equation in Eq. (3.53) for Uba,N(b20/b2, µ2F ). For simplicity of
the presentation we consider a scenario when there is only one species of partons. The
generalisation to multiflavour case is known, and the details can be found in Ref. [82]. The
solution of Eq. (3.21) in this simplified case is given by
UN(b20/b2, µ2F ) = exp
{
−
∫ µ2F
b20/b
2
dq2
q2
γN(αS(q2))
}
. (3.57)
Next, using the RG equation for the coupling constant αS (see Eq. (2.26)), we write
CN(αS(b20/b2) in terms of CN(αS(M2)
CN(αS(b20/b2) = CN(M2) exp
{
−
∫ M2
b20/b
2
dq2
q2
β(αS(q2))
d lnCN(αS(q2))
d lnαS(q2)
}
. (3.58)
Using Eqs. (3.56), (3.57) and (3.58), we then can write the explicit expressions for the
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hard-collinear function HFN1,N2 and the exponential factor GN1,N2 in Eq. (3.21)
HFN1,N2(M,Ω, αS(µ2R)) = HFc (M,Ω;αS(M2)) CN1(αS(M2)) CN2(αS(M2)) (3.59)
× exp
{∫ Q2
M2
dq2
q2
[
A(αS(q2)) ln
M2
q2
+ 12
(
B˜N1(αS(q2)) + B˜N2(αS(q2))
)]
+
∫ M2
µ2F
dq2
q2
(
γN1(αS(q2)) + γN2(αS(q2))
)}
,
GN1,N2(αS(µ2R), L) = −
∫ Q2
b20/b
2
dq2
q2
[
A(αS(q2)) ln
M2
q2
+ 12
(
B˜N1(αS(q2)) + B˜N1(αS(q2))
)]
.
(3.60)
The functions B˜Ni(αS) are related to the function Bc(αS) entering the Sudakov form factor
in Eq. (3.31) and to the collinear functions CNi(αS) by the following equation
B˜N(αS) = B(αS) + 2β(αS)
d lnCN(αS)
d lnαS
+ 2γN(αS) =
∞∑
n=1
(
αS
pi
)n
B˜
(n)
c,N . (3.61)
The first-order coefficient B˜(1)c,N of the universal function B˜N(αS) is
B˜
(1)
c,N = B(1)c + 2γcc,N , (3.62)
where the coefficients B(1)c are resummation scheme independent and are [75,80]
B(1)q = B
(1)
q¯ = −
3
2CF , B
(1)
g = −
1
6(11CA − 2Nf ) . (3.63)
The universal second-order coefficient B˜(2)c,N is given by
B˜
(2)
c,N = B(2)c − 2β0 C(1)cc,N + 2γ(2)cc,N . (3.64)
The coefficient B(2)c is resummation scheme dependent and in the hard scheme it reads [128]
B(2)c =
γ(1)c
16 + piβ0Ccζ2 , (3.65)
where ζ2 = pi2/6, Cc = CF for the quarks (c = q, q¯) and Cc = CA for the gluon (c = g).
The universal perturbative function A(αS) in Eq. (3.60) is the same function that enters
the Sudakov form factor in Eq. (3.31). The first two coefficients A(1)c and A(2)c are given by
A(1)c = Cc , A(2)c =
1
2Cc
[(
67
18 −
pi2
6 CA
)
− 59Nf
]
. (3.66)
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We note that the relation (3.61) implies that both the form factor exp{G} and the
non-logarithmic function H in Eq. (3.59) do not depend on the resummation scheme used
to express the various factors in the resummation formulae (3.30) and (3.31) (we recall
that the customary Sudakov form factor Sc(M, b) in Eq. (3.31) does instead depend on the
resummation scheme).
To complete the resummation procedure we need to compute the coefficients g(n)N in
Eq. (3.28). To this purpose let us rewrite Eq. (3.60) in the following way:
GN(αS(µ2R), L) = −
∫ Q2
b20/b
2
dq2
q2
[
A(αS(q2))
∫ M2
q2
dµ2
µ2
+ B˜N(αS(q2))
]
. (3.67)
Next, we use the renormalisation group equation (2.26) to change the integration variables
{q2, µ2} to {α = αS(q2) , α′ = αS(µ2)}. Eq. (3.67) becomes
GN(αS(µ2R), L) = −
∫ αS(Q2)
αS(b20/b2)
dα
α
1
β(α)
[
A(α)
∫ αS(M2)
α
dα′
α′
1
β(α′) + B˜N(α)
]
. (3.68)
Truncating the expansion of the integrands (see Eqs. (2.26), (3.32) and (3.61)) to the re-
quired accuracy and computing the integrals, one obtains a result in terms of elementary
functions of the perturbative coefficients A(n), B˜(n), βn and αS(k2) with k2 = Q2, M2, b20/b2.
Using the RG equation (2.26), αS(k2) then can be expressed in terms of αS(µ2R) and
ln(k2/µ2R). Comparing the final result with the left-hand side of Eq. (3.28), one finally
obtains the resummation coefficients g(n)N . The LL g
(1)
N , NLL g
(2)
N and NNLL g
(3)
N coeffi-
cients are computed in [82,134] and read
g(1)(αSL) =
A(1)
β0
λ+ ln(1− λ)
λ
, (3.69)
g
(2)
N (αSL) =
B
(1)
N
β0
ln(1− λ)− A
(2)
β20
(
λ
1− λ + ln(1− λ)
)
+ A
(1)
β0
(
λ
1− λ + ln(1− λ)
)
ln Q
2
µ2R
+ A
(1)β1
β30
(
1
2 ln
2(1− λ) + ln(1− λ)1− λ +
λ
1− λ
)
, (3.70)
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g
(3)
N (αSL) = −
A(3)
2β20
λ2
(1− λ)2 −
B
(2)
N
β0
λ
1− λ +
A(2)β1
β30
(
λ(3λ− 2)
2(1− λ)2 −
(1− 2λ) ln(1− λ)
(1− λ)2
)
+ B
(1)
N β1
β20
(
λ
1− λ +
ln(1− λ)
1− λ
)
− A
(1)
2
λ2
(1− λ)2 ln
2 Q
2
µ2R
+ ln Q
2
µ2R
(
B
(1)
N
λ
1− λ +
A(2)
β0
λ2
(1− λ)2 + A
(1) β1
β20
(
λ
1− λ +
1− 2λ
(1− λ)2 ln(1− λ)
))
+ A(1)
(
β21
2β40
1− 2λ
(1− λ)2 ln
2(1− λ) + ln(1− λ)
[
β0β2 − β21
β40
+ β
2
1
β40(1− λ)
]
+ λ2β40(1− λ)2
(β0β2(2− 3λ) + β21λ)
)
, (3.71)
where
λ = 1
pi
β0 αS(µ2R) L , (3.72)
B
(n) = B˜(n) + A(n) ln M
2
Q2
, (3.73)
and the dependence on the ratios M2/µ2R, M2/Q2 on the left-hand sides of Eqs (3.70)
and (3.71) is understood.
3.3 The finite component
As we have discussed in Section 3.2 the finite component of the partonic multidifferential
cross section dσˆreg.a1a2→F is computed at a given fixed order in αS according to Eq. (3.13).
Moreover, by definition, the finite component dσˆreg.a1a2→F does not contain any perturba-
tive contributions proportional to δ(q2T ) (these contributions and all the logarithmically-
enhanced terms at small qT are included in dσˆsing.a1a2→F . Therefore, when computing
[
dσˆreg.a1a2→F
]
f.o.
according to the subtraction procedure in Eq. (3.11), we can consistently neglect any terms
proportional to δ(q2T ) both in
[
dσˆa1a2→F
]
f.o.
and in
[
dσˆsing.a1a2→F
]
f.o.
. This is formally equiv-
alent to the evaluation of both contributions in the region where qT 6= 0. In the case of[
dσˆa1a2→F
]
f.o.
the last statement is equivalent to considering the differential cross section
for the F + jet process. The expansions of
[
dσˆreg.a1a2→F
]
f.o.
at the first and at the second
perturbative order thus give
[
dσˆreg.a1a2→F
dq2T dz1 dz2 dΩ
]
NLO
=
[
dσˆa1a2→F+jet
dq2T dz1 dz2 dΩ
]
LO
−
[
dσˆsing.a1a2→F
dq2T dz1 dz2 dΩ
]
NLO
, (3.74)
[
dσˆreg.a1a2→F
dq2T dz1 dz2 dΩ
]
NNLO
=
[
dσˆa1a2→F+jet
dq2T dz1 dz2 dΩ
]
NLO
−
[
dσˆsing.a1a2→F
dq2T dz1 dz2 dΩ
]
NNLO
, (3.75)
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where the subscript LO (NLO) denotes the perturbative truncation of the various cross
sections at the leading order (next-to-leading order) in the region where qT 6= 0.
The fixed order truncation [dσˆsing.]f.o of the singular component is obtained by the
perturbative expansion of the singular component dσˆsing. in Eq. (3.18). To this purpose,
we write the partonic resummation factor WFa1, a2 on the right-hand side of Eq. (3.18) as
follows:
WFa1a2(sˆ; b,M,Ω;αS, µ2R, µ2F , Q2) =
∑
c
[
dσ
(0)
cc¯, F
] {
δca1δca2 δ(1− z1) δ(1− z2) (3.76)
+
∞∑
n=1
(
αS
pi
)n [
Σ˜F (n)cc¯←a1a2
(
z1, z2, L˜;
M2
µ2R
,
M2
µ2F
,
M2
Q2
)
+ HF (n)cc¯←a1a2
(
z1, z2;
M2
µ2R
,
M2
µ2F
,
M2
Q2
)]}
,
where αS = αS(µ2R). The first Σ˜
F (1)
cc¯←a1a2 and second-order Σ˜
F (2)
cc¯←a1a2 coefficients are polyno-
mials of L˜
Σ˜F (1)cc¯←a1a2(z1, z2, L˜) =
2∑
p=1
Σ˜F (1;n)cc¯←a1a2(z1, z2) L˜n , (3.77)
Σ˜F (1)cc¯←a1a2(z1, z2, L˜) =
4∑
p=1
Σ˜F (2;n)cc¯←a1a2(z1, z2) L˜n , (3.78)
where the coefficients Σ˜F (1;p)cc¯←a1a2 (p = 1, 2) and Σ˜
F (2;p)
cc¯←a1a2 (k = p, . . . , 4 do not depend on
the impact parameter b, and thus the Bessel transformation in Eq. (3.18) acts only on the
powers of the modified large logarithms L˜n
Q2
∫ ∞
0
db
b
2 J0(bqT ) ln
n
(
Q2b2
b20
+ 1
)
= I˜n(qT/Q) . (3.79)
The functions I˜n(qT/Q) are computed in Ref. [82].
The NLO coefficients Σ˜F (1;p)(z1, z2),HF (1)(z1, z2) and the NNLO coefficients Σ˜F (2;p)(z1, z2),
HF (2)(z1, z2) have a simpler form in the Mellin space and are presented below:
ΣF (1;2)cc¯←a1a2, (N1,N2) = −
1
2A
(1)
c δca1δc¯a2 , (3.80)
ΣF (1;1)cc¯←a1a2, (N1,N2) = −
[
δca1δc¯a2
(
B(1)c + A(1)c `Q
)
+ δca1γ
(1)
c¯a2, N2 + δc¯a2γ
(1)
ca1, N1
]
, (3.81)
HF (1)cc¯←a1a2, (N1,N2) =δca1δc¯a2
[
HF (1)c −
(
B(1)c +
1
2A
(1)
c `Q
)
`Q − kβ0`R
]
(3.82)
+ δca1C
(1)
c¯a2, N2 + δc¯a2C
(1)
ca1, N1 +
(
δca1γ
(1)
c¯a2, N2 + δc¯a2γ
(1)
ca1, N1
)
(`F − `Q) ,
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ΣF (2;4)cc¯←a1a2, (N1,N2) =
1
8
(
A(1)c
)2
δca1δc¯a2 , (3.83)
ΣF (2;3)cc¯←a1a2, (N1,N2) = −A(1)c
[1
3 β0 δca1δc¯a2 +
1
2 Σ
F (1;1)
cc¯←a1a2, (N1,N2)
]
, (3.84)
ΣF (2;2)cc¯←a1a2, (N1,N2) =−
1
2 A
(1)
c
[
HF (1)cc¯←a1a2, (N1,N2) − β0 δca1δc¯a2 (`R − `Q)
]
(3.85)
− 12
∑
b1,b2
ΣF (1;1)cc¯←a1a2, (N1,N2)
[
δb1a1γ
(1)
b2a2, N2 + δb2a2γ
(1)
b1a1, N1
]
− 12
[
A(2)c δca1δc¯a2 +
(
B(1)c + A(1)c `Q − β0
)
ΣF (1;1)cc¯←a1a2, (N1,N2)
]
,
ΣF (2;1)cc¯←a1a2, (N1,N2) = Σ
F (1;1)
cc¯←a1a2, (N1,N2) β0 (`Q − `R) (3.86)
− ∑
b1,b2
HF (1)cc¯←b1b2, (N1,N2)
[
δb1a1δb2a2
(
B(1)c + A(1)c `Q
)
+ δb1a1γ
(1)
b2a2, N2 + δb2a2γ
(1)
b1a1, N1
]
−
[
δca1δc¯a2
(
B(2)c + A(2)c `Q
)
− β0
(
δca1C
(1)
c¯a2, N2 + δc¯a2C
(1)
ca1, N1
)
+ δca1γ
(2)
c¯a2, N2 + δc¯a2γ
(2)
ca1, N1
]
,
HF (2)cc¯←a1a2, (N1,N2) = δca1δc¯a2 HF (2)c + δca1 C
(2)
c¯a2, N2 + δc¯a2 C
(2)
ca1, N1 + C
(1)
ca1, N1 C
(1)
c¯a2, N2 (3.87)
+HF (1)c
(
δca1 C
(1)
c¯a2, N2 + δc¯a2 C
(1)
ca1, N1
)
+ 16 A
(1)
c β0 `
3
Q δca1δc¯a2
+ 12
[
A(2)c δca1δc¯a2 + β0 Σ
F (1;1)
cc¯←a1a2, (N1,N2)
]
`2Q
−
[
δca1δc¯a2
(
B(2)c + A(2)c `Q
)
− β0
(
δca1C
(1)
c¯a2, N2 + δc¯a2C
(1)
ca1, N1
)
+ δca1γ
(2)
c¯a2, N2 + δc¯a2γ
(2)
ca1, N1
]
`Q
+ 12 β0
(
δca1γ
(1)
c¯a2, N2 + δc¯a2γ
(1)
ca1, N1
)
`2F +
(
δca1γ
(2)
c¯a2, N2 + δc¯a2γ
(2)
ca1, N1
)
`F −HF (1)cc¯←a1a2, (N1,N2) β0`R
+ 12
∑
b1,b2
[
HF (1)cc¯←b1b2, (N1,N2) + δcb1δc¯b2 HF (1)c + δcb1 C
(1)
c¯b2, N2 + δc¯b2 C
(1)
cb1, N1
]
×
[(
δb1a1γ
(1)
b2a2, N2 + δb2a2γ
(1)
b1a1, N1
)
(`F − `Q)− δb1a1δb2a2
((
B(1)c +
1
2 A
(1)
c `Q
)
`Q + k β0 `R
)]
− δca1δc¯a2 k
(1
2 β
2
0 `
2
R + β1 `R
)
,
where
`R = ln
M2
µ2R
, `F = ln
M2
µ2F
, `Q = ln
M2
Q2
, (3.88)
and corresponding dependences on the ratiosM2/µ2R, M2/µ2F andM2/Q2 on the left-hand
sides of Eqs. (3.80)–(3.87) are understood.
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Inserting Eqs. (3.76)–(3.78) in Eq. (3.18), performing the integral over the impact
parameter b, and removing the contributions proportional to δ(q2T ) (for example, all the
contributions coming from HF (n)cc¯←ab in Eq. (3.76)), we obtain the following expressions for
the fixed-order contributions
[
dσˆsing.a1a2→F
]
f.o.
on the right-hand side of Eqs. (3.74) and (3.75):
[
dσˆsing.a1a2→F
dq2T dz1 dz2 dΩ
(qT ,M, sˆ, z1, z2,Ω;αS(µ2R))
]
NLO
= αS(µ
2
R)
pi
z1z2
Q2
∑
c
[
dσ
(0)
cc¯, F
]
×
[
ΣF (1;2)cc¯←a1a2(z1, z2) I˜2(qT/Q) + Σ
F (1;1)
cc¯←a1a2(z1, z2) I˜1(qT/Q)
]
. (3.89)
[
dσˆsing.a1a2→F
dq2T dz1 dz2 dΩ
(qT ,M, sˆ, z1, z2,Ω;αS(µ2R))
]
NNLO
=
[
dσˆsing.a1a2→F
dq2T dz1 dz2 dΩ
(qT ,M, sˆ, z1, z2,Ω;αS(µ2R))
]
NLO
+
(
αS(µ2R)
pi
)2
z1z2
Q2
∑
c
[
dσ
(0)
cc¯, F
] 4∑
k=1
ΣF (2;k)cc¯←a1a2(z1, z2) I˜k(qT/Q) , (3.90)
The finite component of the partonic cross section dσˆreg.a1a2→F+X at N(NLO) accuracy is
then computed according to Eqs. (3.74) and (3.75).
3.4 Transverse-momentum resummation in gluon fu-
sion processes
The resummation formula presented in Section 3.2 was originally proposed and proved for
the DY process [70–79], which is mediated by the qq¯ annihilation at the lowest order. The
resummation structure that emerges in the DY process was than applied to other processes
of the class in Eq. (3.2), including also processes which are controlled by the gluon fusion
(or also by the gluon fusion) at LO, such as, for example, the production of the SM
Higgs boson [82,135–138]. Later works, however (see e.g. Refs. [69,139]), showed that the
transverse-momentum resummation in the gluon fusion channel has a richer structure, due
to spin-correlated collinear splitting functions.
Throughout this section we follow the discussion of Ref [69] and outline the structure
of gg-specific contributions to the resummed cross section. To this end, we separate the
contributions from qq¯ annihilation and gluon fusion subprocesses to the resummed cross
section, and we write
[dσF ] = [dσF ](qq¯−ann.) + [dσF ](g−fus.) . (3.91)
The all-order resummation formula for the gluon fusion processes can be formallly written
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in the same way as in Eqs. (3.29) and (3.30)
[dσF ](g−fus.) =
M2
s
[
dσ
(0)
gg, F
] ∫ d2b
(2pi)2 e
ib·qT Sg(M, b)
× ∑
a1,a2
∫ 1
x1
dz1
z1
∫ 1
x2
dz2
z2
[
HFC1C2
]
gg;a1a2
fa1/h1(x1/z1, b20/b2) fa2/h2(x2/z2, b20/b2) , (3.92)
where the lowest-order cross section
[
dσ
(0)
gg, F
]
and the gluon Sudakov form factor Sg(M, b)
are given in Eqs. (3.23) and (3.31). The difference between the resummation formu-
lae for the qq¯ annihilation and the gluon fusion is embodied in the gluon fusion factor[
HFC1C2
]
gg;a1a2
. In particular, the naive expression on the right-hand side of Eq. (3.34)
has to be replaced by the following result:[
HFC1C2
]
gg;a1a2
= HFg;µ1 ν1,µ2 ν2(p1, p2; Ω;αS(M
2))
× Cµ1 ν1g a1 (z1; p1, p2,b;αS(b20/b2))Cµ2 ν2g a2 (z2; p1, p2,b;αS(b20/b2)) . (3.93)
In contrast to the case of qq¯ annihilation, both the hard-virtual HFg and the collinear Cg a
functions entering Eq. (3.93) are Lorentz tensors. Moreover, the collinear functions Cµ νg a
not only depend on the absolute value b of the impact parameter through the scale of αS,
but admit an explicit dependence on the two-dimensional vector b. These two features
of Eq. (3.93) are unique of transverse-momentum resummation in gluon fusion processes
and they have definitive physical origin, coming from the spin- and qT -dependent gluon
collinear splitting kernels in Eqs. (2.53) and (2.54). More precisely, the collinear functions
Cµ νg a are the Fourier transforms of these splitting kernels, and can be written as
Cµ νg a (z; p1, p2,b;αS) = dµ ν(p1, p2) Cg a(z;αS) +D µ ν(p1, p2; b) Gg a(z;αS) , (3.94)
where the two tensors dµ ν and D µ ν are
dµ ν(p1, p2) = −gµ ν + p
µ
1p
ν
2 + pν1p
µ
2
p1 · p2 , (3.95)
D µ ν(p1, p2; b) = dµ ν(p1, p2)− 2 b
µ bν
b2 , (3.96)
with b2 = −bµbµ, where bµ = (0,b, 0) is the impact parameter vector in the four-
dimensional notation.
The gluonic coefficient function Cg a(z;αS) has the same perturbative structure as in
Eq. (3.36), while the perturbative expansion of the coefficient functions Gga starts at O(αS)
and it reads
Gga(z;αS) =
∞∑
n=1
(
αS
pi
)n
G(n)ga (z) . (3.97)
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The first-order coefficients G(1)gg (z) and G(1)gq (z) differ only by the colour factor. Explic-
itly [69]
G(1)gg (z) = CA
1− z
z
, (3.98)
G(1)gq (z) = G
(1)
gq¯ (z) = CF
1− z
z
. (3.99)
The hard-virtual function HFg has the following expression
HFg;µ1 ν1,µ2 ν2(p1, p2; Ω;αS) = d
µ1
µ′1
dν1ν′1
dµ2µ′2
dν2ν′2
[
M˜µ′1 µ′2gg→F (p1, p2; {qi})
]† M˜ν′1 ν′2gg→F (p1, p2; {qi})
α2kS |M(0)gg→F (p1, p2; {qi})|2
(3.100)
and retains the following perturbative expansion:
HFg;µ1 ν1,µ2 ν2(p1, p2; Ω;αS) = H
F (0)
g;µ1 ν1,µ2 ν2(p1, p2; Ω) (3.101)
+
∞∑
n=1
(
αS
pi
)n
HF (n)g;µ1 ν1,µ2 ν2(p1, p2; Ω) ,
with the lowest-order normalisation
HF (0)g;µ1 ν1,µ2 ν2 g
µ1 ν1 gµ2 ν2 = 1 . (3.102)
3.4.1 Azimuthal correlations of the qT cross section
The factorisation structure of Eq. (3.93) is due to quantum-mechanical interference between
scattering amplitudes and their complex conjugates and has special physical effects. In
particular, due to explicit dependence of the tensor D µ ν on the azimuthal angle φ(b)
of the impact parameter vector b, the differential cross section dσF features spin and
azimuthal correlations in qT, which are enhanced at small values of qT . As a result, in
the resummation formula (3.92) we cannot simply use Eq. (3.16) to perform the azimuthal
integration over φ(b). However, as it has been shown in Ref. [69], the dependence of[
HFC1C2
]
gg;a1a2
on the azimuthal angle φ(b), which is given by the tensor D µ ν(p1, p2; b)
in Eq. (3.96), is sufficiently simple and the integration over φ(b) can be still explicitly
performed, allowing again to replace the two-dimensional Fourier transformation by one-
dimensional transformations. Considering the Fourier transformation of contributions that
are linear and quadratic with respect to the tensor D µ ν(p1, p2; b), we get [69]∫ d2b
2pi e
ib·qT D µν(p1, p2; b) F (b2) = − D µν(p1, p2; qT)
∫ +∞
0
db b J2(bqT ) F (b2) ,
(3.103)
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∫ d2b
2pi e
ib·qT D µ1ν1(p1, p2; b) D µ2ν2(p1, p2; b) F (b2)
= dµ1 ν1, µ2 ν2(4) (p1, p2)
∫ +∞
0
db b J0(bqT ) F (b2)
+ D µ1 ν1, µ2 ν2(4) (p1, p2; qT)
∫ +∞
0
db b J4(bqT ) F (b2) , (3.104)
where dµ1 ν1, µ2 ν2(4) is given by
dµ1 ν1 µ2 ν2(4) (p1, p2) =
1
2 [d
µ1 µ2 dν1 ν2 + dµ1 ν2 dµ2 ν1 + dµ1 ν1 dµ2 ν2 ] , (3.105)
with dµν = dµν(p2, p2) of Eq. (3.95), and the 4th-rank tensor D µ1 ν1, µ2 ν2(4) is
D µ1 ν1, µ2 ν2(4) (p1, p2; qT) = D µ1ν1(p1, p2; qT) D µ2ν2(p1, p2; qT)− dµ1 ν1,µ2 ν2(4) (p1, p2) . (3.106)
As we see from Eqs. (3.103) and (3.104), the weight functions of the resulting one-
dimensional transformations are the 0-th order Bessel function J0(bqT ) (as like in Eq. (3.16))
and higher order (2-nd and 4-th) Bessel functions, J2(bqT ) and J4(bqT ).
Using the fact that the dependence on the azimuthal angle φ(qT) is explicitly factorized
with respect to the dependence on the magnitude qT , we can express the gluon fusion
resummation formula in a form that manifestly exhibits the functional dependence on
φ(qT) of the qT cross section, at small values of qT . Explicitly, we write
[dσF ](g−fus.) = [dσF ](g−fus.)φ
+ [dσF ]C1G2
[
HF (φ(qT))
]
C1G2
+ [dσF ]G1C2
[
HF (φ(qT))
]
G1C2
+ [dσF ]GG
[
HF (φ(qT))
]
GG
, (3.107)
where the factors
[
HF (φ(qT))
]
I
(I is I = C1G2, G1C2 or GG) depend on qT only through
its azimuthal angle φ(qT) (i.e., these factors do not depend on the magnitude of qT),
while all the other terms on the right-hand side of Eq. (3.107) depend on qT , but they
are independent of φ(qT). In particular, the contribution [dσF ](g−fus.)φ coincides with the
azimuthally-averaged cross section (see the definition in Section 3.4.2), whereas the other
cross section contributions, [dσF ]I , in Eq. (3.107) have the following form:
[dσF ]I =
M2
s
[
dσ
(0)
gg, F
] ∫ +∞
0
db
2pi b Sg(M, b)
× ∑
a1,a2
∫ 1
x1
dz1
z1
∫ 1
x2
dz2
z2
[JC1C2]Igg;a1a2 fa1/h1(x1/z1, b
2
0/b
2) fa2/h2(x2/z2, b20/b2) ,
(3.108)
where the integrand factors denoted by [JC1C2]I are given by the following explicit expres-
sions:
[JC1C2]C1G2gg;a1a2 = J2(bqT ) Cg a1(z1;αS(b
2
0/b
2)) Gg a2(z2;αS(b20/b2)) , (3.109)
49
Chapter 3. Transverse-momentum resummation
[JC1C2]G1C2gg;a1a2 = J2(bqT ) Gg a1(z1;αS(b
2
0/b
2)) Cg a2(z2;αS(b20/b2)) , (3.110)
[JC1C2]GGgg;a1a2 = J4(bqT ) Gg a1(z1;αS(b
2
0/b
2)) Gg a2(z2;αS(b20/b2)) . (3.111)
The hard-scattering factors
[
HF (φ(qT))
]
I
are process dependent; they are[
HF (φ(qT))
]
C1G2
= −HFµ1 ν1,µ2 ν2(p1, p2; Ω;αS(M2)) dµ1 ν1(p1, p2) D µ2 ν2(p1, p2; qT) ,
(3.112)
[
HF (φ(qT))
]
G1C2
= −HFµ1 ν1,µ2 ν2(p1, p2; Ω;αS(M2)) D µ1 ν1(p1, p2; qT) dµ2 ν2(p1, p2) ,
(3.113)
[
HF (φ(qT))
]
GG
= HFµ1 ν1,µ2 ν2(p1, p2; Ω;αS(M
2)) D µ1 ν1, µ2 ν2(4) (p1, p2; qT) . (3.114)
We note that the φ(qT) dependence of the hard-scattering factors
[
HF (φ(qT))
]
I
in
Eqs. (3.112)–(3.113) is embodied in the Lorentz tensorsD µ ν(p1, p2; qT) andD µ1 ν1, µ2 ν2(4) (p1, p2; qT).
By the direct inspection of their explicit expressions given in Eqs. (3.96) and (3.106), it is
easy to see that the azimuthal dependence of the D µ ν(p1, p2; qT) tensor can be expressed
in terms of cos
(
2φ(qT)
)
and sin
(
2φ(qT)
)
functions, while the tensor D µ1 ν1, µ2 ν2(4) (p1, p2; qT)
can be written as a linear combination of cos
(
4φ(qT)
)
and sin
(
4φ(qT)
)
. Thus, the
φ(qT) azimuthal dependence of the logarithmically-enhanced terms at small qT is fully
determined by the general structure of the transverse-momentum resummation formula.
The qT cross section [dσF ](g−fus.) contains a contribution that is independent of φ(qT)
(namely, the term [dσF ](g−fus.)φ ) plus a linear combination of the four trigonometric func-
tions cos
(
2φ(qT)
)
, sin
(
2φ(qT)
)
, cos
(
4φ(qT)
)
and sin
(
4φ(qT)
)
. No other functional de-
pendence on φ(qT) is allowed by the gluon fusion resummation formula.
To present the singular behaviour produced by
[
HF (φ(qT))
]
I
contributions at small
qT we expand the resummation formula in powers of αS = αS(µ2R) and perform the Bessel
transformations from b space to qT space. At relative order αS we get
αS
pi
δ(1− z1) δg a1 G(1)g a2(z2)
[
HF (φ(qT))
]
C1G2
1
q2T
, (3.115)
and to an analogous contribution that is obtained by the exchange 1 ↔ 2 of the sub-
scripts. The term coming from the quadratic Lorentz tensor D µ ν(p1, p2; b) in Eq. (3.104)
contributes first at the relative order α2S; it produces a partonic cross section contribution
that is proportional to(
αS
pi
)2
G(1)g a1(z1) G
(1)
g a2(z2)
(
2
[
HF (φ(qT))
]
GG
1
q2T
+HFG δ(q2T )
)
, (3.116)
where the functions G(1)g a(z) are given in Eqs. (3.98) and (3.99).
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3.4.2 Azimuthally-averaged cross section
We will continue the discussion on the azimuthal correlations in Chapter 6, while in this
section we consider the cross section, averaged over the azimuthal angle. To this end, we
define the following azimuthally-averaged cross section:
〈dσh1h2→F+X(s; qT, y,M,Ω)
d2qT dM2 dy dΩ
〉φ ≡
∫ 2pi
0
dφ(qT)
2pi
dσh1h2→F+X
d2qT dM2 dy dΩ
(3.117)
= 1
pi
dσh1h2→F+X(s; q2T , y,M,Ω)
dq2T dM
2 dy dΩ .
We denote the singular component of the azimuthally-averaged cross section (3.117) as
[dσF ]φ. Since the resummed cross section (3.30) in the case of qq¯ annihilation subpro-
cesses is free of azimuthal correlations, the azimuthal average of [dσF ](qq¯−ann.) is trivial and
[dσF ](qq¯−ann.)φ is obtained by the same resummation formula (3.30) and (3.34) (with c = q, q¯).
As it has been shown in Ref. [69], in the case of gluon fusion processes the resummed
azimuthally-averaged cross section [dσF ](g−fus.)φ is obtained by replacing in Eq. (3.92)
[dσF ](g−fus.) → [dσF ](g−fus.)φ , (3.118)
with the corresponding replacement of the
[
HFC1C2
]
factor
[
HFC1C2
]
gg;a1a2
→
[
HFC1C2
]φ
gg;a1a2
, (3.119)
where
[
HFC1C2
]φ
gg;a1a2
retains the following form:
[
HFC1C2
]φ
gg;a1a2
= HFg (p1, p2; Ω;αS(M2)) Cga1(z1;αS(b20/b2)) Cga2(z1;αS(b20/b2))
+HFG(p1, p2; Ω;αS(M2)) Gga1(z1;αS(b20/b2)) Gga2(z1;αS(b20/b2)) . (3.120)
The scalar hard-scattering factor HFg in Eq. (3.120) is defined as follows
HFg (p1, p2; Ω;αS) ≡ HFg;µ1 ν1,µ2 ν2(p1, p2; Ω;αS) gµ1 ν1 gµ2 ν2 , (3.121)
and the spin-correlated hard-scattering factor HFG is
HFG(p1, p2; Ω;αS(M2)) = HFg;µ1 ν1,µ2 ν2(p1, p2; Ω;αS) d
µ1 ν1 µ2 ν2
(4) (p1, p2) , (3.122)
where the 4th-rank tensor is given in Eq. (3.105).
As one can see from Eq. (3.120), in gluon fusion processes the resummation factor of
Eq. (3.34) is not complete even for the azimuthally-averaged cross sections. In particular,
since the expansion of gluon coefficient functions Gga starts at O(αS) (see Eq. (3.97)), the
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gluon resummation factor
[
HFC1C2
]
gg;a1a2
→
[
HFC1C2
]φ
gg;a1a2
affects the computation of
the QCD radiative corrections starting from NNLL+NNLO. In particular, the second-order
hard-collinear function HF (2)gg←a1a2, (N1,N2) of Eq. (3.87) should be replaced by
HF (2)gg←a1a2, (N1,N2) → H
F (2)
gg←a1a2, (N1,N2) +H
F (0)
G (p1, p2; Ω;αS) G
(1)
ga1, N1 G
(1)
ga2, N2 , (3.123)
where HFG factor is coming from the Bessel transformation from b space to qT space of the
first line of Eq. (3.104).
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Transverse-momentum resummation
for heavy-quark pair production
In this chapter we present our computation of the resummed spectrum of the transverse-
momentum distribution of the top-quark pair. The resummation procedure for the produc-
tion of a tt¯ pair is more complicated with respect to the production of colourless high-mass
systems, since the top quark can radiate additional soft gluons. Thus, in order to perform
the resummation, the emission from both the initial and the final state should be taken
into account, which leads to non-trivial colour correlations.
The first attempt to develop a qT -resummation formalism at NLL accuracy for the tt¯
production was done in Refs. [140, 141]. However, these papers failed to consider colour
mixing between the singlet and octet final states and missed the initial-final gluon correla-
tions. Besides the resummation formalism mentioned above, there is another independent
approach based on the soft-collinear effective theory (SCET) [83–85]. Recently a resummed
computation of the tt¯ transverse-momentum spectrum, based on this approach, was per-
formed in Refs. [93,94]. The key difference with respect to the Drell-Yan and Higgs boson
production is the appearance of transverse soft functions. However, in Refs. [93, 94] such
functions are averaged over the azimuthal angle of the top quark φt in the transverse plane.
The complete resummation formalism for the hadroproduction of a pair of heavy quarks
in QCD has been proposed in Ref. [95]. In contrast to the pioneering work in SCET [93],
this work fully takes into account the colour-dependent azimuthal correlations in the small-
qT region, produced by the dynamics of soft-parton radiation. As it is discussed in Ref. [95],
these azimuthal correlations and those from the gluonic collinear radiation, mentioned in
Section 3.4, have different physical origin. Moreover, even though both azimuthal corre-
lation effects vanish after averaging over the azimuthal angle at NLO accuracy, they give
non-vanishing contribution even for the azimuthally-averaged cross sections starting from
NNLO, due to non-trivial interference. Thus, to extend the calculation to one order higher
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in QCD perturbation theory, it is important to have a full control over these correlations.
4.1 The all-order transverse-momentum resummation
formula for heavy-quark pair production
In this section we review the general structure of the transverse-momentum resummation
formulae for heavy-quark pair production of Ref. [95]. To this purpose, we consider the
collisions of two hadrons h1 and h2 of momenta P µ1 and P µ2 , which produce two heavy
quarks Q and Q¯ with momenta pµ3 , pµ4 and mass p23 = p24 = m2,
h1(P1) + h2(P2)→ Q(p3) + Q¯(p4) +X , (4.1)
accompanied by arbitrary and undetected final stateX. In the centre-of-mass system of the
collision the total momentum of the QQ¯ pair qµ = pµ3 +pµ4 is fully specified by the invariant
mass M (M2 = q2), the transverse-momentum vector qT and the rapidity y = 12 ln
q·P2
q·P1 .
The momenta pµj (j = 3, 4) of the heavy quarks are determined by the heavy-quark mass
m, rapidity yj and the transverse-momentum vector pTj.
We consider the most general fully-differential cross section for the inclusive production
process (4.1)
dσh1h2→QQ¯+X(s; qT, y,M,Ω)
d2qT dM2 dy dΩ
= 1
s
∑
a1,a2
∫ 1
x1
dz1
z1
∫ 1
x2
dz2
z2
(4.2)
× fa1/h1(x1/z1, µ2F ) fa2/h2(x2/z2, µ2F )
dσˆa1a2→QQ¯+X(qT, z1, z2;M,Ω;αS(µ2R), µ2R, µ2F )
d2qT dz1 dz2 dΩ
,
where Ω represents a set of independent kinematical variables that specify the angular
distribution of the heavy quarks Q and Q¯ with respect to the momentum q of the QQ¯ pair.
For example, one can use the rapidity y3 and the azimuthal angle φ3 of one of the heavy
quarks, or any other equivalent pairs of kinematical variables.
Following the resummation formalism of Ref. [82], presented in Section 3.1, we decom-
pose the hadronic cross section in Eq. (4.2) into singular and regular components
dσh1h2→QQ¯+X(s; qT, y,M,Ω)
d2qT dM2 dy dΩ
= [dσQQ¯] +
dσreg.
h1h2→QQ¯+X(s; qT, y,M,Ω)
d2qT dM2 dy dΩ
, (4.3)
where we have introduced, analogously to Eq. (3.10), short-hand notation for the singular
component:
[dσQQ¯] ≡
dσsing.
h1h2→QQ¯+X(s; qT, y,M,Ω)
d2qT dM2 dy dΩ
. (4.4)
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The decomposition of the hadronic cross section in Eq. (4.3) has the same formal meaning
as it is discussed in Section 3.1, in particular, that the singular component [dσQQ¯] of the
hadronic cross section embodies all logarithmically-enhanced contributions that need to
be resummed to all orders in αS. The all-order resummation formula for heavy-quark
production has the following form
[dσQQ¯] =
M2
s
∫ d2b
(2pi)2 e
ib·qT WQQ¯(s; b, y,M,Ω;αS(µ2R), µ2R, µ2F ) , (4.5)
with
WQQ¯(s; b, y,M,Ω;αS(µ2R), µ2R, µ2F ) =
∑
a1,a2
∫ 1
x1
dz1
z1
∫ 1
x2
dz2
z2
fa1/h1
(
x1
z1
,
b20
b2
)
fa2/h2
(
x2
z2
,
b20
b2
)
× ∑
c=q,q¯,g
[
dσ
(0)
cc¯, QQ¯
]
Sc(M, b) [(H ∆)C1C2]cc¯;a1a2 ,
(4.6)
where the scaling variables x1, x2, z1 and z2 are defined in Eqs. (3.7) and (3.8).
The factor
[
dσ
(0)
cc¯, QQ¯
]
in Eq. (4.6) is the Born level cross section of the partonic subpro-
cess,
c(p1) + c¯(p2)→ Q(p3) + Q¯(p4) , (4.7)
with
pi = xiPi , i = 1, 2 , (4.8)
and it receives contribution from both the qq¯ annihilation (c = q, q¯) and the gg fusion
(c = g) channels.
The QCD radiative corrections are embodied in the factors Sc and [(H ∆)C1C2]. In
particular, Sc(M, b) is the universal Sudakov form factor Sc(M, b), defined in Eq. (3.31),
while the factor ∆ contains all the differences with respect to the production of a colourless
system F that occur in the case of QQ¯ production.
The expression of the symbolic factor [(H ∆)C1C2] has different form for the qq¯ an-
nihilation and gluon-fusion channels, owing to the physical differences between the quark
and gluon collinear functions discussed in Section 3.4. Explicitly, for the qq¯ annihilation
channel the factor [(H ∆)C1C2] reads
[(H ∆)C1C2]qq¯;a1a2 = (H ∆)qq¯ Cqa1(z1;αS(b
2
0/b
2))Cq¯a2(z2;αS(b20/b2)) , (4.9)
whereas for the gluon fusion channel (c = g) we have
[(H ∆)C1C2]gg;a1a2 = (H ∆)gg;µ1 ν1,µ2 ν2 C
µ1 ν1
g a1 (z1; p1, p2,b;αS(b
2
0/b
2))Cµ2 ν2g a2 (z2; p1, p2,b;αS(b
2
0/b
2)) .
(4.10)
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The functions Cqa and Cµ νg a , entering Eqs. (4.9) and (4.10), are the same universal collinear
functions contributing to the transverse-momentum resummation formula for a colourless
system F and retain the perturbative expansions given in Eqs. (3.36), (3.94) and (3.97).
The factor (H ∆) in Eqs. (4.9) and (4.10) is the contribution of the factors H and ∆,
which exhibit a non-trivial dependence on the colour structure of the partonic process in
Eq. (4.7). According to Eq. (2.62), the dependence of the scattering amplitudeM of the
process (4.7) on the colour indices is represented by a vector |M〉. Using the colour-space
formalism presented in Section 2.6.2, the factor (H ∆) can be represented as follows:
(H ∆)qq¯ =
〈M˜cc¯→QQ¯ |∆ | M˜cc¯→QQ¯〉
α2S(M2) |M(0)cc¯→QQ¯(p1, p2; p3, p4)|2
, (4.11)
for the qq¯ annihilation channel, and
(H ∆)gg;µ1 ν1,µ2 ν2 =
〈M˜ν′1ν′2
gg→QQ¯ |∆ | M˜
µ′1µ
′
2
gg→QQ¯〉 dµ′1µ1 dν′1ν1 dµ′2µ2 dν′2ν2
α2S(M2) |M(0)gg→QQ¯(p1, p2; p3, p4)|2
, (4.12)
in the gluon fusion channel. The polarisation tensor dµν = dµν(p1, p2) in Eq. (4.12) is
the one defined in Eq. (3.95), and {µ′i, ν ′i} are the gluon Lorentz indices of the scatter-
ing amplitude Mgg→QQ¯. The hard-virtual amplitude M˜cc¯→QQ¯ is directly related to the
infrared-finite part of the all-order virtual scattering amplitudeMcc¯→QQ¯ by Eq. (4.27).
The factor ∆ is specific of heavy-quark pair production and embodies the effect of soft
radiation from the QQ¯ final state and from the initial-state and final-state interferences.
It depends on the impact parameter b, on the invariant mass M and on the kinematics of
the partonic process in Eq. (4.7). In particular, it depends on the two angular variables
in Ω. Choosing the rapidity difference y34 = y3 − y4 between Q and Q¯ and the azimuthal
angle φ3 of the quark Q as the two variables, the factor ∆ can be written in the following
all-order form
∆(b,M ; y34, φ3) = V†(b,M ; y34) D(αS(b20/b2);φ3b, y34) V(b,M ; y34) , (4.13)
where the evolution factor V is obtained by the exponentiation of the integral of the so-
called soft anomalous dimension matrix Γt
V(b,M ; y34) = P q exp
{
−
∫ M2
b20/b
2
dq2
q2
Γt(αS(q2); y34)
}
, (4.14)
The integration in Eq. (4.14) is performed over the transverse-momentum scale q2 of the
QCD running coupling. Therefore, the evolution factor V explicitly resums logarithmic
terms αnS(M2) lnk(Mb) (with k ≤ n). The symbol P q means that the exponential matrix is
anti path-ordered with respect to the integration variable q2. The soft anomalous dimension
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operator Γt, as well as the colour operator D in Eq. (4.14), are computable order-by-order
in αS
Γt(αS; y34) =
αS
pi
Γ(1)t (y34) +
(
αS
pi
)2
Γ(2)t (y34) +
∞∑
n=3
(
αS
pi
)n
Γ(n)t (y34) , (4.15)
D(αS;φ3b, y34) = 1 +
αS
pi
D(1)(φ3b, y34) +
∞∑
n=2
(
αS
pi
)n
D(n)(φ3b, y34) . (4.16)
Note that the αS scale of the colour operator D in Eq. (4.14) is set to b20/b2. While the
coefficients D(n) of the perturbative expansion of the colour operator D in Eq. (4.16) do not
contain logarithmically-enhanced contributions ln(Mb), these terms arise when expressing
αS(b20/b2) in terms of αS(M2). Thus, the colour operator D effectively resums ln(Mb)
contributions to ∆.
The colour operator D exhibits an important feature. It depends not only on the
rapidity difference y34, as the soft anomalous dimension Γt (and thus also the evolution
factor V), but it also depends on the azimuthal angle φ3 of the heavy quark Q. More
specifically, it depends on φ3b = φ3−φ(b), where φ(b) is the azimuth of the two dimensional
impact parameter vector b. The inverse Fourier transformation from b space to qT space in
Eq. (4.6), then leads to a consequent qT -dependent azimuthal correlations of the produced
QQ¯ pair at small qT .
The perturbative coefficients Γ(1)t and D(1) contribute to the transverse-momentum
resummed cross section of Eq. (4.6) at NLL accuracy. Considering the kinematics of the
process in Eq. (4.7), four-momentum conservation leads to the relations y3 − y = y− y4 =
y34/2, pT23 = pT24 = pT2. Using these relations, Γ
(1)
t can be written as
Γ(1)t (y34) = −
1
4
(T23 + T24) (1− ipi) + ∑
i=1,2
j=3,4
Ti ·Tj ln (2pi · pj)
2
M2m2
+ 2 T3 ·T4
[ 1
2v ln
(1 + v
1− v
)
− ipi
(1
v
+ 1
)] , (4.17)
where the colour-charge operators Ti are defined by Eq. (2.64), and v is the relative velocity
of Q and Q¯,
v =
√√√√1− ( 2m2
M2 − 2m2
)2
. (4.18)
The soft-parton operator D in Eq. (4.16) also depends on the relative azimuthal angle φ3b
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(or, equivalently, φ4b). Explicitly, it can be written as follows:
D(1)(φ3b, y34) = (T23 + T24)
c3b arcsinh (c3b)√
1 + c23b
− 12 ln
(
m2T
m2
)
− (T3 + T4)2
(
arcsinh2 (c3b) +
1
2Li2
(
−p
2
T
m2
))
+ 12v T3 ·T4 (L
ϕ
34 − L34) ,
(4.19)
where mT =
√
p2T +m2 is the heavy-quark transverse mass, and the auxiliary variable c3b
is
c3b =
√
p2T
m
cos(φ3b) = −
√
p2T
m
cos(φ4b) . (4.20)
The functions L34 and Lϕ34 in Eq. (4.19) are defined as
L34 = ln
(1 + v
1− v
)
ln
(
m2T
m2
)
− 2 Li2
( 2v
1 + v
)
− 14 ln
2
(1 + v
1− v
)
+ 2
Li2
1−
√
1− v
1 + v e
y34
+ Li2
1−
√
1− v
1 + v e
−y34
+ 12 y234
 , (4.21)
Lϕ34 = Sign(c3b)
[
Lξ (ξ(c3b, α34), α34)− Lξ (ξ(−c3b, α34), α34)
]
, (4.22)
with Li2 being the customary dilogarithm function, Li2(z) = − ∫ z0 dtt ln(1− t), and
Lξ(ξ, α) =
1
2 ln
2 ξ(1 + ξ)
α + ξ − ln
2 ξ
α + ξ + 2
[
Li2(−ξ)− Li2
(
α + ξ
α− 1
)
+ ln(α + ξ) ln(1− α)
]
,
(4.23)
ξ(c, α) =
(
c+
√
1 + c2
) (
c+
√
α + c2
)
, α34 =
2
√
1− v2
1−√1− v2 c
2
3b . (4.24)
As one can see, the azimuthal dependence of D(1) is more complex than that of the gluon
collinear functions Cµ νga in Eq. (3.94), where the azimuthal dependence is entirely em-
bodied in the polarisation tensor D µ ν(p1, p2; b) (3.96). Moreover, while the azimuthal
correlations due to the gluon collinear functions are limited to only four Fourier harmonics
(cos(φ(qT)), sin(2φ(qT)), cos(4φ(qT)), sin(4φ(qT))), the azimuthal correlations due to the
colour operator D depend on Fourier harmonics of any degrees. More detailed discussion
on the azimuthal correlations of the qT cross section can be found in Section 4.2.1 and in
Chapter 6.
The first-order colour operator D(1) in Eq. (4.19) has another important feature: its
average over the azimuthal angle φ(b) vanishes
〈D(1)(φ3b, y34)〉av. = 0 . (4.25)
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In fact, it is always possible to define the colour operator D in such a way that the azimuthal
average over b gives a trivial contribution at all orders in αS
〈D(αS;φ3b, y34)〉av. = 1 . (4.26)
The possibility of such a definition directly follows from the freedom of defining the indi-
vidual components of the resummed cross section in Eq. (4.6), in particular of the factor
(H ∆), due to the resummation scheme invariance of the qT -resummed cross section.
Analogously to Eq. (3.43), the auxiliary amplitude M˜cc¯→QQ¯ is related to the scattering
amplitudeMcc¯→QQ¯ through an all-order factorisation formula
|M˜cc¯→QQ¯(p1, p2; p3, p4)〉 =
[
1− I˜cc¯→QQ¯(,M,Ω;µR)
]
|Mcc¯→QQ¯(p1, p2; p3, p4)〉 . (4.27)
The role of the operator I˜cc¯→QQ¯ in Eq. (4.27) is the same of I˜c in Eq. (3.43) for the
production of a colourless system F: it subtracts the infrared poles ofMcc¯→QQ¯, along with
some of its IR finite terms that are specific of the qT cross section in eq. (4.6). Unlike
the subtraction operator I˜c, however, the operator I˜cc¯→QQ¯ is a colour operator, acting
on the colour indices of the scattering amplitude Mcc¯→QQ¯. The scattering amplitude
Mcc¯→QQ¯ and the subtraction operator I˜cc¯→QQ¯ retain the same perturbative expansion as
their counterparts for the production of a colourless system, given by Eqs. (3.42) and (3.44)
respectively. Explicitly, the first-order operator I˜(1)
cc¯→QQ¯ reads
I˜(1)
cc¯→QQ¯(,M,Ω;µR) = I˜
(1)
c (,M ;µR) + I˜
(1)
QQ¯
(,M,Ω;µR) , (4.28)
where I˜(1)c (,M ;µR) is given in Eq. (3.46) and it contains the IR poles from the initial-state
soft and collinear radiation, while I˜(1)
QQ¯
subtracts the poles originating from soft wide-angle
radiation of partons from the final-state heavy quarks and is given by
I˜(1)
QQ¯
(,M,Ω;µR) = −12
(
µ2R
M2
) {
−4

Γ(1)t (y34) + F(1)t (y34)
}
. (4.29)
The colour operator Γ(1)t (y34) in Eq. (4.29) is exactly equal to the first-order coefficient of
the soft anomalous dimension operator in Eq. (4.17). The IR finite contribution F(1)t to
Eq. (4.29) is
F(1)t (y34) = (T23 + T24) ln
(
m2T
m2
)
+ (T3 + T4)2 Li2
(
−p
2
T
m2
)
+ T3 ·T4 1
v
L34 . (4.30)
The first-order coefficient F(1)t , together with Γ(1)t and D(1), completes the set of heavy-
quark specific coefficients, contributing to the resummation formula in Eq. (4.6) at NLL
level. Moreover, an entire class of NNLL terms is produced by the interferences between
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the NLL terms in the soft factor ∆ and the NLO corrections to the hard-virtual ampli-
tude |M˜cc¯→QQ¯〉. For the complete determination of the NNLL terms, the second-order
coefficients Γ(2)t , D(2) and the IR finite part of I˜(2)QQ¯ are also needed. Exploiting the re-
lation of the soft anomalous dimension operator Γt to the IR singularities of the virtual
scattering amplitudeMcc¯→QQ¯, which are explicitly known at one-loop [142] and two-loop
order [143–145], the second-order function Γ(2)t has been extracted in Ref. [95]. Explicitly,
up to the second order, the soft anomalous dimension operator Γt can be written as
Γt(αS; y34) =
1
2 Γ
sub.
cc¯→QQ¯(αS; y34)−
(
αS
pi
)2 1
4
( [
Γ(1)t (y34) ,F(1)t (y34)
]
+ piβ0F(1)t (y34)
)
+O(α3S) ,
(4.31)
where Γ sub.
cc¯→QQ¯ is given by the following relation:
Γ sub.cc¯→QQ¯(αS; y34) = Γ(µ)−
[
1
2(T
2
1 + T22) γcusp(αS)
(
ln M
2
µ2
− ipi
)
+ 2γc(αS)
]
. (4.32)
The the terms on the right-hand side of Eq. (4.32) are written using the notation of Eq. (5)
of Ref. [145].
Using Eqs. (4.31), (4.32), and Eq. (5) of Ref. [145], the second-order soft anomalous
dimension matrix Γ(2)t can be written as follows:
Γ(2)t (y34) = −
1
4

[
(T3 + T4)2 (−ipi) +
∑
i=1,2
j=3,4
Ti ·Tj ln (2pi · pj)
2
M2m2
]
γ(2)cusp
− 4 γQ2 + 2 T3 ·T4 γ(2)cusp(v) +
∑
j=1,2
ifabc T a3 T
b
4 T
c
j g(v) ln
p4 · pj
p3 · pj
+
[
Γ(1)t (y34) ,F(1)t (y34)
]
+ piβ0F(1)t (y34)
 , (4.33)
where the term proportional to the three-parton colour correlations originates from the
last term on the right-hand side of Eq. (5) of Ref. [145]. The coefficients γ(2)cusp, γ
Q
2 and
γ(2)cusp(v) are the second-order perturbative coefficients of the anomalous dimension functions
γcusp(αS), γQ(αS) and γcusp(v;αS) respectively, with the following normalisation of the
perturbative expansion:
γcusp(αS) =
∞∑
n=1
(
αS
pi
)n
γ(n)cusp , (4.34)
γcusp(v;αS) =
∞∑
n=1
(
αS
pi
)n
γ(n)cusp(v) , (4.35)
γQ(αS) =
∞∑
n=1
(
αS
pi
)n
γQn . (4.36)
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The second-order cusp anomalous dimension coefficient γ(2)cusp for the massless quarks and
gluons is computed in Ref. [146]
γ(2)cusp =
(
67
36 −
pi2
12
)
CA − 59 TR Nf . (4.37)
For the massive partons the cusp anomalous dimension γcusp(v;αS) depends also on the
relative velocity v, and its second-order coefficient γ(2)cusp(v) can be written as [147]
γ(2)cusp(v) =γ(2)cusp
1
v
[1
2 ln
(1 + v
1− v
)
− ipi
]
+ CA2
14 ln2
(1 + v
1− v
)
− 56pi
2 + ζ3 − ipi ln
(1 + v
1− v
)
+ 1
v2
[
Li3
(1− v
1 + v
)
+ 12 ln
(1 + v
1− v
)
Li2
(1− v
1 + v
)
+ 124 ln
3
(1 + v
1− v
)
− 512pi
2 ln
(1 + v
1− v
)
− ζ3
+ ipi
(
−Li2
(1− v
1 + v
)
− 14 ln
2
(1 + v
1− v
)
+ pi
2
6
)]
+ 1
v
[
− 124 ln
3
(1 + v
1− v
)
+ Li2
(1− v
1 + v
)
− 14 ln
2
(1 + v
1− v
)
− ln
(1 + v
1− v
)
ln
( 2v
1 + v
)
+ 512pi
2 ln
(1 + v
1− v
)
+ 56pi
2
+ ipi
(
1
4 ln
2
(1 + v
1− v
)
+ ln
(1 + v
1− v
)
+ 2 ln
( 2v
1 + v
)
− pi
2
6
)] ,
(4.38)
where the Riemann ζ function ζ3 = 1.202 . . . and Li3(z) = − ∫ z0 dtt ln(t) ln(1 − zt) is the
usual polylogarithm function.
The second-order massive quark (anti-quark) anomalous dimension γQ2 in Eq. (4.33)
is [147]
γQ2 =
1
16
[
CFCA
(2
3pi
2 − 989 − 4ζ3
)
+ 409 TRCFNf
]
, (4.39)
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and the g(v) function can be written as [145]
g(v) =− 14 ln
2
(1 + v
1− v
)
+ 56pi
2 + ipi ln
(1 + v
1− v
)
+ 1
v
[
−Li2
(1− v
1 + v
)
+ 14 ln
2
(1 + v
1− v
)
+ ln
( 2v
1 + v
)
ln
(1 + v
1− v
)
− 56pi
2
− ipi
(
2 ln
( 2v
1 + v
)
+ ln
(1 + v
1− v
))]
. (4.40)
As already mentioned, the colour matrix Γ(2)t also controls the two-loop divergences of
I˜(2)
QQ¯
. The finite terms of I˜(2)
QQ¯
, however, are determined by a second-order coefficient F(2)t ,
which, together with the second-order coefficient D(2), are not known at present. These
coefficients cannot be derived from known results and need to be explicitly calculated.
4.2 Decomposition in azimuthal structures
In this section we present a decomposition of the resummed cross section in different
azimuthal structures. The aim of such a decomposition is to make explicit the origin of
azimuthal correlations and their potential contribution to the azimuthally-averaged cross
section. To that purpose, we recall the definition of the azimuthally-averaged cross section
〈dσh1h2→QQ¯+X(s; qT, y,M,Ω)
d2qT dM2 dy dΩ
〉φ ≡
∫ 2pi
0
dφ(qT)
2pi
dσh1h2→QQ¯+X
d2qT dM2 dy dΩ
(4.41)
= 1
pi
dσh1h2→QQ¯+X(s; q2T , y,M,Ω)
dq2T dM
2 dy dΩ ,
and we denote the singular component of the azimuthally-averaged cross section (4.41) as
[dσQQ¯]φ. To make the presentation more explicit, we introduce the following decomposition
of the singular component of the cross section:
[dσQQ¯] = [dσQQ¯]φ + [dσQQ¯]corr , (4.42)
where by [dσQQ¯]φ we have denoted the contribution to the resummed qT cross section that
does not depend on φ(qT), and it coincides with the azimuthally-averaged cross section,
while [dσQQ¯]corr embodies all the dependence on the azimuthal angle φ(qT). We note that
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the azimuthal average over φ(qT) of the singular component can be realized in the b space
[dσQQ¯]φ ≡
∫ 2pi
0
dφ(qT)
2pi [dσQQ¯] =
M2
s
∫ 2pi
0
dφ(qT)
2pi
∫ d2b
(2pi)2 e
ib·qT WQQ¯(s; b, y,M,Ω)
(4.43)
= M
2
s
∫ d2b
(2pi)2
∫ 2pi
0
dφ(qT)
2pi e
ib·qT WQQ¯(s; b, y,M,Ω)
= M
2
s
∫ ∞
0
db
b
2pi J0(bqT )
∫ 2pi
0
dφ(b)
2pi W
QQ¯(s; b, y,M,Ω)
≡ M
2
s
∫ ∞
0
db
b
2pi J0(bqT )
[
WQQ¯(s; b, y,M,Ω)
]φ(b)
.
Owing to the fact that the dependence of the resummed cross section in Eq. (4.5) on
the azimuth φ(b) is completely embodied in the symbolic factor [(H ∆)C1C2]cc¯;a1a2 , the
azimuthally-averaged resummed cross section [dσQQ¯]φ can be obtained with the following
replacements: ∫ d2b
(2pi)2 e
ib·qT →
∫ ∞
0
db
b
2pi J0(bqT ) , (4.44)
[(H ∆)C1C2]cc¯;a1a2 → [(H ∆)C1C2]
φ(b)
cc¯;a1a2 , (4.45)
where [(H ∆)C1C2]φ(b)cc¯;a1a2 is the azimuthal-average of [(H ∆)C1C2]cc¯;a1a2 in b space
[(H ∆)C1C2]φcc¯;a1a2 =
∫ 2pi
0
dφ(b)
2pi [(H ∆)C1C2]cc¯;a1a2 . (4.46)
Therefore, the decomposition of the singular cross section in Eq. (4.42) implies a corre-
sponding decomposition of the [(H ∆)C1C2]cc¯;a1a2 factor in the b space:
[(H ∆)C1C2]cc¯;a1a2 = [(H ∆)C1C2]
φ(b)
cc¯;a1a2 + [(H ∆)C1C2]
corr
cc¯;a1a2 . (4.47)
To highlight the structural differences of the qq¯ annihilation and gluon fusion channels, we
separate these contributions and write
[dσQQ¯] = [dσQQ¯]qq¯ + [dσQQ¯]gg . (4.48)
In the case of the [dσQQ¯]qq¯ cross section the only dependence on the azimuth φ(b) is due
to the soft radiation factor D. Using Eq. (4.26), we see that the azimuthal average in
Eq. (4.46) is equivalent to setting D = 1 in Eq. (4.13). Explicitly, at all orders in αS the
[(H ∆)C1C2]φ(b)qq¯;a1a2 factor is given by
[(H ∆)C1C2]φ(b)qq¯;a1a2 =
[(
H V†V
)
C1C2
]
qq¯;a1a2
, (4.49)
while the azimuthal correlation contribution [(H ∆)C1C2]corrqq¯;a1a2 is given by
[(H ∆)C1C2]corrqq¯;a1a2 =
[(
H V† (D− 1) V
)
C1C2
]
qq¯;a1a2
, (4.50)
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where V is defined in Eq. (4.14). Explicitly, the symbolic factor [(H J)C1C2]qq¯;a1a2 (J =
H V†V, H V† (D− 1) V) reads
[(H J)C1C2]qq¯;a1a2 =
〈M˜qq¯→QQ¯ | J | M˜qq¯→QQ¯〉
α2S(M2) |M(0)qq¯→QQ¯(p1, p2; p3, p4)|2
Cqa1(z1;αS(b20/b2))Cq¯a2(z2;αS(b20/b2)) .
(4.51)
The situation is much more involved in the gluon fusion channel, due to the additional
azimuthal correlations of collinear origin. The azimuthally-averaged contribution can be
symbolically written as
[(H ∆)C1C2]φ(b)gg;a1a2 =
[(
H V†V
)
C1C2
]C1C2
gg;a1a2
(4.52)
+
{ [(
H V†V
)
C1C2
](G1G2)
gg;a1a2
}φ(b)
+
{ [(
H V† (D− 1) V
)
C1C2
](C1G2)
gg;a1a2
}φ(b)
+
{ [(
H V† (D− 1) V
)
C1C2
](G1C2)
gg;a1a2
}φ(b)
+
{ [(
H V† (D− 1) V
)
C1C2
](G1G2)
gg;a1a2
}φ(b)
,
while for the azimuthal correlation contribution we write
[(H ∆)C1C2]corrgg;a1a2 =
[(
H V† (D− 1) V
)
C1C2
](C1C2)
gg;a1a2
(4.53)
+
[(
H V†V
)
C1C2
](C1G2)
gg;a1a2
+
[(
H V†V
)
C1C2
](G1C2)
gg;a1a2
+
{ [(
H V† (D− 1) V
)
C1C2
](C1G2)
gg;a1a2
}corr
+
{ [(
H V† (D− 1) V
)
C1C2
](G1C2)
gg;a1a2
}corr
+
{ [(
H V†V
)
C1C2
](G1G2)
gg;a1a2
}corr
+
{ [(
H V† (D− 1) V
)
C1C2
](G1G2)
gg;a1a2
}corr
.
The notation in Eqs. (4.52) and (4.53) is a bit complicated and needs to be explained.
First of all, the factors [(J)C1C2]Igg;a1a2 (I is I = (C1C2), (C1G2), (G1C2), (G1G2) and J
is J = H V†V, H V† (D− 1) V) can be written as follows:
[(J)C1C2]Igg;a1a2 = (J)gg;µ1 ν1,µ2 ν2 [I]
µ1 ν1,µ2 ν2
gg;a1a2 , (4.54)
with
(J)gg;µ1 ν1,µ2 ν2 =
〈M˜ν′1ν′2
gg→QQ¯ | J | M˜
µ′1µ
′
2
gg→QQ¯〉 dµ′1µ1 dν′1ν1 dµ′2µ2 dν′2ν2
α2S(M2) |M(0)gg→QQ¯(p1, p2; p3, p4)|2
, (4.55)
and the symbolic factor [I]µ1 ν1,µ2 ν2gg;a1a2 has the following explicit form for different configura-
tions
[C1C2]µ1 ν1,µ2 ν2gg;a1a2 = d
µ1 ν1(p1, p2) dµ2 ν2(p1, p2) Cg a1(z;αS) Cg a2(z;αS) , (4.56)
[C1G2]µ1 ν1,µ2 ν2gg;a1a2 = d
µ1 ν1(p1, p2) D µ1 ν2(p1, p2; b) Cg a1(z;αS) Gg a2(z;αS) , (4.57)
[G1C2]µ1 ν1,µ2 ν2gg;a1a2 = D
µ1 ν1(p1, p2; b) dµ2 ν2(p1, p2) Gg a1(z;αS) Cg a2(z;αS) , (4.58)
[G1G2]µ1 ν1,µ2 ν2gg;a1a2 = D
µ1 ν1(p1, p2; b) D µ2 ν2(p1, p2; b) Gg a1(z;αS) Gg a2(z;αS) , (4.59)
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where the Lorentz tensors dµ ν and D µ ν are given in Eqs. (3.95) and (3.96), respectively.
Furthermore, the notation
{
[. . .]
}φ(b)
means that the azimuthal average over φ(b) is
taken {
[. . .]
}φ(b)
=
∫ 2pi
0
dφ(b)
2pi [. . .] , (4.60)
while the notation
{
[. . .]
}corr
is defined as follows:
{
[. . .]
}corr
= [. . .]−
{
[. . .]
}φ(b)
. (4.61)
In the following subsections we provide some details on the azimuthally-averaged and
azimuthal correlation contributions to the resummed cross section.
4.2.1 qT -dependent azimuthal correlations
Having set the notation in the previous section, let us now consider the azimuthal cor-
relation contributions of Eqs. (4.50) and (4.53). To illustrate the singular behaviour of
the azimuthal correlations at small qT , we expand the resummation formula in powers of
αS = αS(µ2R). We first consider the azimuthal correlations of the gluon fusion cross section
due to the collinear splitting, which are given on the second line of Eq. (4.53). Performing
the Fourier transform from b space to qT space we get that at relative order αS these con-
tributions lead to a singular behaviour similar to Eq. (3.115). Explicitly, at the partonic
level we get
Σcorrcoll =
αS
pi
[
dσ
(0)
cc¯, QQ¯
]
δ(1− z1) δg a1 G(1)g a2(z2)
[
HQQ¯(φ(qT))
]
C1G2
1
q2T
, (4.62)
where the factor
[
HQQ¯(φ(qT))
]
C1G2
is defined as in Eq. (3.112)
[
HQQ¯(φ3 − φ(qT))
]
C1G2
= −HQQ¯gg;µ1 ν1,µ2 ν2(p1, p2; Ω;αS(M2)) dµ1 ν1(p1, p2) D µ2 ν2(p1, p2; qT) ,
(4.63)
and HQQ¯gg;µ1 ν1,µ2 ν2 is defined as
HQQ¯gg;µ1 ν1,µ2 ν2 =
〈M˜ν′1ν′2
gg→QQ¯ | M˜
µ′1µ
′
2
gg→QQ¯〉 dµ′1µ1 dν′1ν1 dµ′2µ2 dν′2ν2
α2S(M2) |M(0)gg→QQ¯(p1, p2; p3, p4)|2
. (4.64)
Note that even though the Lorentz tensor D µ2 ν2(p1, p2; qT) depends on the azimuth of the
heavy-quark pair φ(qT) the hard-scattering factor
[
HQQ¯(φ3 − φ(qT))
]
C1G2
in Eq. (4.63) re-
tains an azimuthal correlation on (φ3−φ(qT)). The dependence on (φ3−φ(qT)) is produced
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by the combination of the φ(qT) dependence of the Lorentz tensor D µ2 ν2(p1, p2; qT) with
the Ω-dependence (in particular φ3-dependence) of HQQ¯(p1, p2; Ω;αS(M2). As we discuss
in Chapter 6, this is valid not only for the heavy-quark production, but it holds in general.
Moreover, if the multidifferential cross section is insensitive to the azimuthal angles φi of
the produced particles, like, for instance, for the inclusive production of the SM Higgs
boson, the corresponding hard-scattering factors
[
HF (φ(qT))
]
I
(I = C1G2, G1C2, G1G2)
in Eqs. (3.112)–(3.114) vanish order-by-order in pertrubation theory.
The explicit expression of the
[
HQQ¯(φ3 − φ(qT))
]
C1G2
factor is
[
HQQ¯(φ3 − φ(qT))
]
C1G2
= −128pi
3 (N2c − 1) ((N2c − 1) sˆ2 − 2N2c t1 u1)
Nc t21 u
2
1 |M(0)gg→QQ¯|2
m2 p2T cos(2(φ3−φ(qT)) ,
(4.65)
where we have used
sˆ = 2(p1 · p2) , u1 = −2(p2 · p3) , t1 = −2(p1 · p3) . (4.66)
As we see from Eq. (4.65), the dependence of
[
HQQ¯(φ3 − φ(qT))
]
C1G2
on the relative angle
(φ3 − φ(qT)) is very simple, it is just given by cos(2(φ3 − φ(qT)), which is consistent with
the expectation of Eq. (3.112).
As in the case of the production of a colourless final state, the azimuthal correlations
due to the collinear splitting arise only in the gluon fusion cross section. In the case of
heavy-quark production both the qq¯ annihilation and the gluon fusion cross section receive
analogous azimuthally-correlated contributions (see Eq. (4.50) and the first term on the
right-hand side of Eq. (4.53)) due to the soft large-angle radiation from the heavy quarks.
From technical point of view, these contributions are easier to compute directly in the qT
space. At relative order αS we have
Σcorrsoft =
αS
pi
[
dσ
(0)
cc¯, QQ¯
]
δ(1−z1) δ(1−z2) δc a1 δc¯ a2
〈M˜cc¯→QQ¯ | D(1)(φ3 − φ(qT)) | M˜cc¯→QQ¯〉
α2S(M2)M(0)cc¯→QQ¯(p1, p2; p3, p4)|2
1
q2T
,
(4.67)
where D(1)(φ3 − φ(qT)) is given as [148]
D(1)(φ3 − φ(qT)) = (T23 + T24)
− m22m2T (1− qˆ23)
1 + qˆ3√
1− qˆ23
arctan qˆ3√
1− qˆ23
+ 12

− (T3 + T4)2
 qˆ3√
1− qˆ23
arctan
√
1− qˆ23
qˆ3
− pi2
|qˆ3|√
1− qˆ23
− 12 ln
m2
m2T

−T3 ·T4
(
R34(φ3 − φ(qT))− 12v ln
1 + v
1− v
)
, (4.68)
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where the auxiliary variable qˆ3 is
qˆ3 =
√
p2T
mT
cos(φ3 − φ(qT)) = −
√
p2T
mT
cos(φ4 − φ(qT)) , (4.69)
and the function R34(φ3 − φ(qT)) has the following explicit form
R34(φ3 − φ(qT)) = M
2 − 2m2
4M2m2T (qˆ23 − 1) +M4
2M2 qˆ3√
1− qˆ23
arctan qˆ3√
1− qˆ23
+
(
2(p1 · p3)(p2 · p4)
M2
ln (p1 · p3)(p2 · p4)(p2 · p3)(p1 · p4) + (3↔ 4)
)]
. (4.70)
As we see from Eqs. (4.62) and (4.67) both the qq¯ annihilation and gg fusion cross
section exhibit non-trivial azimuthal correlations at small qT . As we discuss in Chapter 6,
these azimuthal correlations lead to divergent predictions for azimuthal distributions in
fixed-order perturbation theory. In the following we present the resummation formula for
the azimuthal-correlation cross section [dσQQ¯]corr, while the quantitative results and the
accompanying discussion are postponed to Chapter 6. Explicitly, we write
[dσQQ¯]corr =
M2
s
∫ d2b
(2pi)2 e
ib·qT
[
WQQ¯
]corr
(s; b, y,M,Ω;αS(µ2R), µ2R, µ2F ) , (4.71)
According to the resummation formalism of Chapter 3, we can write the resummation
formula at the partonic level in the Mellin space[
WQQ¯N1,N2
]corr
(s; b, y,M,Ω;αS(µ2R)) =
∑
a1, a2
[
WQQ¯a1a2, (N1,N2)
]corr
(M,b,Ω;αS(µ2R)) (4.72)
× fa1/h1, N1(µ2F ) fa2/h2, N2(µ2F ) .
In the case of the qq¯ annihilation cross section, at the first non-trivial order the partonic
resummed azimuthal-correlation cross section
[
WQQ¯a1a2, (N1,N2)
]corr
qq¯
can be written as
[
WQQ¯a1a2, (N1,N2)
]corr
qq¯
=αS(b
2
0/b
2)
pi
[
dσ
(0)
qq¯, QQ¯
]
exp
{
GN1,N2(αS, L)
}
× δq a1 δq¯ a2
〈M˜(0)
qq¯→QQ¯ | V† D(1)(φ3b) V | M˜
(0)
qq¯→QQ¯〉
α2S(M2)M(0)qq¯→QQ¯(p1, p2; p3, p4)|2
, (4.73)
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while the corresponding gg fusion cross section
[
WQQ¯a1a2, (N1,N2)
]corr
gg
is given by
[
WQQ¯a1a2, (N1,N2)
]corr
gg
= αS(b
2
0/b
2)
pi
[
dσ
(0)
gg,QQ¯
]
exp
{
GN1,N2(αS, L)
}
×
δg a1 δg a2 〈M˜
(0)
gg→QQ¯ | V† D(1)(φ3b) V | M˜
(0)
gg→QQ¯〉
α2S(M2)M(0)gg→QQ¯(p1, p2; p3, p4)|2
+δg a1 G
(1)
g a2, N2 d
µ1 ν1 D µ2 ν2(b)
〈M˜(0) ν′1ν′2
gg→QQ¯ | V† V | M˜
(0) µ′1µ′2
gg→QQ¯ 〉 dµ′1µ1 dν′1ν1 dµ′2µ2 dν′2ν2
α2S(M2) |M(0)gg→QQ¯(p1, p2; p3, p4)|2
+δg a2 G
(1)
g a1, N1 d
µ2 ν2 D µ1 ν1(b)
〈M˜(0) ν′1ν′2
gg→QQ¯ | V† V | M˜
(0) µ′1µ′2
gg→QQ¯ 〉 dµ′1µ1 dν′1ν1 dµ′2µ2 dν′2ν2
α2S(M2) |M(0)gg→QQ¯(p1, p2; p3, p4)|2
 ,
(4.74)
where GN1,N2(αS, L) is the universal form factor of Eq. (3.60), the Lorentz tensors dµ ν(p1, p2)
and D µ ν(p1, p2; b) are given by Eqs. (3.95) and (3.96) respectively, and the gluon collinear
functions G(1)g a (a = g, q) are presented in Eqs. (3.98) and (3.99).
As we see from Eqs. (4.73) and (4.74), the resummation formulae for the azimuthal-
correlation component of the cross section involves the soft anomalous dimension Γt con-
tribution embodied in the soft parton factor V, which contributes starting from NLL
accuracy. Due to the non-trivial colour correlations, the treatment of the soft anomalous
dimension matrices in the numerical computations requires a so-called diagonalization pro-
cedure, which we present in Section 4.4. The numerical results for the azimuthal-correlation
resummed cross section at NLL+NLO accuracy are presented in Section 6.2.
4.2.2 Azimuthally-averaged cross section
We have seen in the beginning of this section that the azimuthally-averaged qq¯ annihilation
cross section for heavy-quark production is computed by simply setting D = 1 in Eq. (4.16).
The similar contribution to the gluon fusion cross section is given by the first term on the
right-hand side of Eq. (4.52). Performing the contraction over the Lorentz indices, it can
be written as the corresponding contribution in the qq¯ channel
[(
H V†V
)
C1C2
]C1C2
gg;a1a2
=
〈M˜gg→QQ¯ | V†V | M˜gg→QQ¯〉
α2S(M2) |M(0)gg→QQ¯(p1, p2; p3, p4)|2
Cga1(z1;αS(b20/b2))Cga2(z2;αS(b20/b2)) .
(4.75)
The other terms on the right-hand side of Eq. (4.52) are coming from the interference of
different contributions. The second term comes from the terms that are quadratic with
respect to the tensor D µ2 ν2(p1, p2; b), similarly to the contribution discussed in Section 3.4.
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In the following we will refer to this contribution as a collinear-collinear interference term.
The terms on the third and fourth lines of Eq. (4.52) are unique of heavy-quark production,
and they originate from the additional interference of the soft factor D with either one (the
terms on the third line: we will refer to it as a soft-collinear interference term) or with both
(the term on the fourth line) collinear legs. To present the relative order of contribution
of these terms we expand the resummation formula in powers of αS = αS(µ2R) and perform
the Bessel transformation from b space to qT space. Due to the fact that the perturbative
expansion of both Gga and (D − 1) functions start at O(αS) (see Eqs. (3.97) and (4.16)
respectively), the collinear-collinear and soft-collinear interference terms contribute at rel-
ative order α2S, while the last term on the right-hand side of Eq. (4.52) contributes starting
from the relative order α3S. The contribution from the collinear-collinear interference term
is proportional (
αS
pi
)2
G(1)g a1(z1) G
(1)
g a2(z2) H
QQ¯
G δ(q2T ) , (4.76)
while the contribution from the soft-collinear interference terms are proportional to(
αS
pi
)2
δ(1− z1) δga1 G(1)g a2(z1) HQQ¯DG δ(q2T ) , (4.77)
and to analogous contribution that is obtained by the exchange 1↔ 2 of the subscripts.
In accordance with the notations that we introduced in this section, the HQQ¯G and H
QQ¯
DG
factors are
HQQ¯G =
∫ 2pi
0
dφ(b)
2pi
〈M˜ν′1ν′2
gg→QQ¯ | M˜
µ′1µ
′
2
gg→QQ¯〉 dµ′1µ1 dν′1ν1 dµ′2µ2 dν′2ν2
α2S(M2) |M(0)gg→QQ¯(p1, p2; p3, p4)|2
D µ1 ν1(b) D µ2 ν2(b) ,
(4.78)
HQQ¯DG =
∫ 2pi
0
dφ(b)
2pi
〈M˜ν′1ν′2
gg→QQ¯ | D(1)(φ3b, y34) | M˜
µ′1µ
′
2
gg→QQ¯〉 dµ′1µ1 dν′1ν1 dµ′2µ2 dν′2ν2
α2S(M2) |M(0)gg→QQ¯(p1, p2; p3, p4)|2
dµ1 ν1 D µ2 ν2(b) .
(4.79)
To compute these integrals we first note that the Lorentz contraction of the scattering
amplitudes with the tensor D µ ν(p1, p2; b) either vanishes or produces terms proportional
to cos2(φ3 − φ(b)). The reason is the following: the only Lorentz tensors that appear in
the scattering amplitude are pµi p
µ
j (i, j = 1, 2, 3, 4) and gµν . Moreover, the dependence on
pµ4 can be replaced by pµ3 due to the momentum conservation. On the other hand, since
D µ ν(p1, p2; b) is traceless (when multiplied by gµν) and orthogonal to p1 and p2, the only
Lorentz structure that we can get is p3µp3 νD µ ν(p1, p2; b), which is simply proportional to
cos2(φ3−φ(b)). As far as the HQQ¯G factor is concerned, therefore, the integration is trivial.
We naturally arrive to the same result as in Eq. (3.122):
HQQ¯G (p1, p2; Ω;αS(M2)) = HQQ¯g;µ1 ν1,µ2 ν2(p1, p2; Ω;αS) d
µ1 ν1 µ2 ν2
(4) (p1, p2) , (4.80)
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where the 4th-rank tensor is given in Eq. (3.105).
The integrals involved in the computation of the HQQ¯DG factor, on the other hand are
highly non-trivial. However, we managed to compute them analytically by finding a proper
integral representation for D(1). The results of the integrals are listed below:
I1 =
∫ 2pi
0
dφ3b
2pi
c3b arcsinh(c3b)√
1 + c23b
− 12 ln
(
m2T
m2
) cos2(φ3b) = 14
[
1− 1
a2
ln
(
1 + a2
)]
, (4.81)
I2 =
∫ 2pi
0
dφ3b
2pi
(
arcsinh2(c3b) +
1
2 Li2
(
−p
2
T
m2
))
cos2(φ3b) =
1
4
[
−1 +
(
1 + 1
a2
)
ln
(
1 + a2
)]
,
(4.82)
I3 =
∫ 2pi
0
dφ3b
2pi
1
2v (L
ϕ
34 − L34) cos2(φ3b)
= −p3 · p42 p2T
1−
√
1− v2
2v ln
(1 + v
1− v
)
− ln
(
m2T
m2
)
−
√
1− 4m
2
T
M2
ln
1 +
√
1− 4m2T
M2
1−
√
1− 4m2T
M2


+ 14v ln
(1 + v
1− v
)
, (4.83)
where a =
√
p2T
m
. The integrands in Eqs. (4.81)–(4.83) correspond to the functions multi-
plying different colour-correlators in Eq. (4.19). Performing the Lorentz contraction and
computing the colour-correlated amplitudes, we arrive at the following explicit expressions
for HQQ¯G and H
QQ¯
DG
HQQ¯G = −64 pi4
N2c − 1
Nc
((N2c − 1) sˆ2 − 2N2c t1 u1)
t21 u
2
1 |M(0)gg→QQ¯|2
m4 , (4.84)
HQQ¯DG =
128 pi4N2c (N2c − 1) (u21 + t21)
t21 u
2
1 |M(0)gg→QQ¯|2
m2 p2T (I3 − 2I2) (4.85)
− 256 pi
4 (N2c − 1) ((N2c − 1) sˆ2 − 2N2c t1 u1)
Nc t21 u
2
1 |M(0)gg→QQ¯|2
m2 p2T [2CF I1 − 2Nc I2 + (Nc − CF ) I3] ,
We presented the functions that contribute to the azimuthally-averaged cross section
due to the interference of the terms that depend on the azimuthal angle. These contri-
butions arise only in the gluon fusion cross section and contribute at the relative order
α2S. Up to O(α2S) the azimuthally-averaged cross section can be computed by replacing the
[(H ∆)C1C2]cc¯;a1a2 factor by the expressions in Eqs. (4.12) and (4.75). Therefore, to make
the presentation simple, in the rest of this Chapter we do the aforementioned replacement
(in particular, in the following, when referring to the factor ∆, we will always understand
∆ = V†V) and at the end we use the results in Eqs (4.65) and (4.85) to complete the
final resummation formulae at NNLO for the gluon fusion cross section.
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4.3 Colour-space formalism and anomalous dimension
matrices
The evolution factor V(b,M ; y34) in Eq. (4.14) involves an exponentiation of the soft
anomalous dimension operator Γt, which is expressed in an abstract mathematical form.
In this section we present the application of the resummation formula of Eq. (4.6) to nu-
merical calculations. The first step is to derive the explicit form of the soft anomalous
dimension operator Γt in some colour basis of the partonic amplitudes. As such basis, we
choose the s-channel singlet-octet basis, where the QQ¯ pair is either in a colour-singlet or
colour-octet state. For the qq¯ annihilation process qi + q¯j → Qk + Q¯l, we therefore choose
the following independent colour structures
cqq¯1 = δij δkl , cqq¯2 = tcji tckl . (4.86)
For the gluon fusion process ga + gb → Qk + Q¯l, we choose the following colour basis
cgg1 = δab δkl , cgg2 = ifabc tckl , c
gg
3 = dabc tckl , (4.87)
where i , j , k , l , a , b and c are colour indices.
Following the notations of Ref. [29], the on-shell scattering amplitude Mcc¯→QQ¯{a} for
the partonic process in Eq. (4.7), with a given colour configuration {a}, can be written as:
M{a} = 〈a1, a2, a3, a4|M〉 , (4.88)
where M is an abstract vector in colour space. Since we are interested in colour-singlet
amplitudes, we decompose the scattering amplitude into a set of basis colour structures
{c}
|M〉 = ∑
I
Mi
∑
{a}
(ci){a} |{a}〉 ≡ Mi |ci〉 . (4.89)
Note that the basis vectors defined by Eqs. (4.86), (4.87) and (4.89), are orthogonal but
not normalized to 1. For later convenience we define the matrix C = |ci〉 〈ci| from the
inner products of basis vectors. Explicitly, it reads for the qq¯ and gg channels:
Cqq¯ =
2∑
i=1
|cqq¯i 〉 〈cqq¯i | =
Nc
2
2Nc 0
0 CF
 , (4.90)
Cgg =
3∑
i=1
|cggi 〉 〈cggi | = CF

2N2c 0 0
0 N2c 0
0 0 N2c − 4
 .
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TheMi coefficients in Eq. (4.89) can be projected out by
Mi = 1〈ci|ci〉 〈ci|M〉 , (4.91)
and the square of the amplitude, summed over colours, is given as∑
colours
|M|2 = 〈M|M〉 = ∑
i
(Mi)∗Mi 〈ci|ci〉 . (4.92)
Using the projected amplitudes of Eq. (4.91), we can introduce a colour space operator
α2S |M(0)|2 H = |M˜〉 〈M˜|, with the following matrix representation
α2S(M2) |M(0)|2Hij =
1
〈ci|ci〉 〈cj|cj〉 〈ci|H|cj〉 = M˜i M˜
∗
j . (4.93)
Therefore, according to Eqs. (4.9) and (4.10), the shorthand notation (H ∆) is equivalent
to (H ∆) = Tr [H ∆], where the matrix elements of ∆ are defined as
∆ij = 〈ci|∆|cj〉 , (4.94)
and ‘Tr’ exactly denotes the colour space trace of the colour operator H ∆. The hard-
scattering matrix H admits the following perturbative expansion
α2S(M2) H(αS) = H(0) +
∞∑
n=1
(
αS
pi
)n
H(n) , (4.95)
with the leading-order constraint
Tr
[
H(0)c Ccc¯
]
= 1 , c = q, g . (4.96)
Explicitly, the leading order hard-scattering matrices are
|M˜(0)
qq¯→QQ¯|2 HQQ¯ (0)q
64 pi2 =
(
0 0
0 2
)[
t21 + u21
M4
+ 2m
2
M2
]
, (4.97)
|M˜(0)
gg→QQ¯|2 HQQ¯ (0)g
64 pi2 =

1
N2c
1
Nc
t1−u1
M2
1
Nc
1
Nc
t1−u1
M2
(t1−u1)2
M4
t1−u1
M2
1
Nc
t1−u1
M2 1

M4
2t1u1
[
t21 + u21
M4
+ 4m
2
M2
− 4m
4
t1u1
]
,
where t1 and u1 are given in Eq. (4.66). The explicit expression of the first-order hard-
scattering matrices HQQ¯ (1)c is too long to be reported here.
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Similarly to Eq. (3.49) we also define the scalar functions HQQ¯c (c = q, g)
HQQ¯c (p1, p2;αS(M2)) =
|M˜cc¯→QQ¯(p1, p2; p3, p4)|2
α2S(M2)|M˜(0)cc¯→QQ¯(p1, p2; p3, p4)|2
, (4.98)
which are equivalent to
HQQ¯c ≡ Tr
[
HQQ¯c Ccc¯
]
. (4.99)
Having fixed the colour basis, we can now derive the action of colour-charge operators
Ti on the basis states |c〉. In particular, we define the matrices Tcc¯ij (c = q , q¯ , g and
i , j = 1, . . . , 4): (
Tcc¯ij
)
IJ
≡ [Ti ·Tj]IJ =
1
〈ccc¯I |ccc¯I 〉
〈ccc¯I |Ti ·Tj |ccc¯J 〉 . (4.100)
For the quark-antiquark annihilation channel, the results are:
Tqq¯11 = Tqq¯22 = Tqq¯33 = Tqq¯44 = CF12 ,
Tqq¯12 = Tqq¯34 = −
1
2Nc
N
2
c − 1 0
0 −1
 ,
Tqq¯13 = Tqq¯24 = −
1
2Nc
 0 CF
2Nc N2c − 2
 ,
Tqq¯14 = Tqq¯23 = −
1
2Nc
 0 −CF
−2Nc 2
 . (4.101)
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For the gluon fusion channel we get:
Tgg33 = Tgg44 = CF13 ,
Tgg11 = Tgg22 = Nc13 ,
Tgg12 = −
Nc
2

2 0 0
0 1 0
0 0 1
 ,
Tgg34 = −
1
2Nc

N2c − 1 0 0
0 −1 0
0 0 −1
 ,
Tgg13 = Tgg13 = −
1
4Nc

0 2Nc 0
4Nc N2c N2c − 4
0 N2c N2c
 ,
Tgg23 = Tgg14 = −
1
4Nc

0 −2Nc 0
−4Nc N2c −(N2c − 4)
0 −N2c N2c
 . (4.102)
where 12 and 13 are the identity operators in two (for the quark channel), and three (for
the gluon channel) dimensions respectively.
Using the matrix representation of colour-charge operators in Eqs. (4.101) and (4.102),
we can now write the anomalous dimension operator Γt from Eq. (4.15) in an explicit
matrix form. For example, for the first-order operator Γ(1)t in the qq¯ channel we get
Γ qq¯, (1)t (y34) = Γs
0 0
0 Nc
+ Γt
2CF −
CF
Nc
−2 1
Nc
+ Γ qq¯I 1 , (4.103)
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while in the gg channel the result is
Γ gg, (1)t (y34) = Γs

0 0 0
0 Nc 0
0 0 Nc
+ Γt

Nc + CF −1 0
−2 Nc2 + CF −N
2
c−4
2Nc
0 −Nc2 Nc2 + CF
+ Γ
gg
I 1 , (4.104)
where the coefficients Γs and Γt depend on the dynamics of the process and are given as
follows:
Γs = −14
[
1
2v ln
(1 + v
1− v
)
− ipi
(1
v
+ 1
)
− ln (2p1 · p4) (2p2 · p3)
M2m2
]
, (4.105)
Γt = −14 ln
(2p1 · p3) (2p2 · p4)
(2p1 · p4) (2p2 · p3) , (4.106)
and the matrices in front of Γt and Γs are the t-channel, T2t = (T1 + T3)2, and s-channel,
T2s = (T1 +T2)2, matrices respectively. The ΓI coefficients in Eqs. (4.103) and (4.103) are:
Γ qq¯I = −
CF
2
(
1− 12v
[
ln
(1 + v
1− v
)
− 2ipi
]
− ln (2p1 · p3) (2p2 · p4)(2p1 · p4) (2p2 · p3)
)
, (4.107)
and
Γ ggI = −
CF
2
(
1− 12v
[
ln
(1 + v
1− v
)
− 2ipi
])
+ CA + CF4 ln
(2p1 · p3) (2p2 · p4)
(2p1 · p4) (2p2 · p3) , (4.108)
4.4 RG evolution and qT resummation
Having defined the matrix form of the anomalous dimension matrices in the previous
section, we can now express the all-order resummation formula in Eq. (4.6) in factorised
form of Eqs. (3.21) and (3.55). In particular, in this section we present in detail how we
treat the resummation factor [H ∆], which embodies the terms unique of heavy-quark pair
production. To parametrize the ambiguities coming from the factorisation of constant and
logarithmic terms in Eq. (3.21), due to the factor [H ∆], we write the evolution operator
V(b0/b,M ; y34) in Eq. (4.14) as
V(b0/b,M) = V(b0/b,Q) V(Q,M) , (4.109)
where V(b0/b,Q; y34) is evaluated at some resummation scale Q ∼M . Explicitly,
V(b0/b,Q; y34) = P q exp
{
−
∫ Q2
b20/b
2
dq2
q2
Γt(αS(q2); y34)
}
. (4.110)
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The operator V(b0/b,Q) in Eq. (4.110) satisfies the following evolution equation
dV(b0/b,Q; y34)
d ln (b20/b2)
= Γt(αS(b20/b2); y34) V(b0/b,Q; y34) . (4.111)
In close analogy to the QCD evolution operator U (see Appendix C of Ref. [82]), the
evolution factor V(b0/b,Q) can be written in the following form:
V(b0/b,Q) = K(αS(b20/b2)) V(LO)(αS(b20/b2), αS(Q2)) K−1(αS(Q2)), (4.112)
where the dependence on y34 is implicitly understood. The V(LO) is determined by the
lowest-order soft anomalous dimension operator Γ(1)t , while the operator K retains the
information on the higher-order terms Γ(n)t (n ≥ 2). The leading order operator V(LO)
fulfils the following evolution equation
dV(LO)(αS, α′S)
d lnαS
= − 1
β0
Γ(1)t V(LO)(αS, α′S) , (4.113)
where we denoted αS = αS(b20/b2) and α′S = αS(Q2). The general solution to the evolution
equation (4.113) is given by:
V(LO)(αS, α′S) = exp
{
− 1
β0
Γ(1)t ln(αS)
}
V˜(LO) , (4.114)
where V˜LO can be fixed from the initial condition
V(LO)(α′S, α′S) = 1 , (4.115)
which brings us to the following solution for V(LO),
V(LO)(αS, α′S) = exp
{
1
β0
Γ(1)t ln
(
α′S
αS
)}
. (4.116)
The operator K in Eq. (4.112) fulfils the following differential equation:
dK(αS)
d lnαS
= 1
β(αS)
Γt(αS) K(αS) +
1
β0
K(αS) Γ(1)t , (4.117)
where β(αS) is the QCD β function in Eq. (2.26). The Eq. (4.117) can be solved by
performing a perturbative expansion,
K(αS) = 1 +
∞∑
n=1
(
αS
pi
)n
K(n) . (4.118)
For example, one gets the following equation for K(1):
K(1) = − 1
β0
[
Γ(1)t K(1) −K(1) Γ(1)t
]
+ β1Γ
(1)
t − β0Γ(2)t
β20
. (4.119)
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As one can see from Eqs. (4.103) and (4.104) the first-order anomalous dimension matrix
Γ(1)t , is not diagonal in the basis we work. To write the solution of V(LO) in Eq. (4.116) in
an explicit form, we need to diagonalise the anomalous dimension matrix Γ(1)t
Γ(1), diagt = R−1 Γ(1)t R , (4.120)
where R is the diagonalising matrix for Γ(1)t , and Γ(1), diagt is the diagonal anomalous di-
mension matrix, having the eigenvalues λI (I = 1, 2 for the qq¯ channel and I = 1, 2, 3 for
the gg channel) as its entries. The explicit expression of the matrix R and the eigenvalues
λI are presented in Eqs. (A.1)–(A.3) and (A.6). Using the transformation of Eq. (4.120),
Eq. (4.116) can be written as
V(LO)(αS, α′S) = R V
(LO)(αS, α′S) R−1 = R exp
{
1
β0
Γ(1),diagt ln
(
α′S
αS
)}
R−1 . (4.121)
The transformation in Eq. (4.120) is equivalent to the basis transformation {c} R−→ {c¯}
as follows
|c¯I〉 =
∑
j
RjI |cj〉 . (4.122)
Note that the diagonalising matrix R is not unitary. As a result, the new basis is not
orthogonal, and to write the matrix representation of the soft anomalous operator Γ(1)t we
introduce the so-called dual vectors |c˜〉 as
|c˜I〉 =
∑
J
(C¯−1)JI |c¯J〉 , (4.123)
where C¯ is the overlap matrix of the new basis, and is defined analogously to the matrix
C in Eq. (4.90)
C¯IJ = 〈c¯I |c¯J〉 . (4.124)
It is easy to check that the overlap matrices in the original and diagonal bases are related
through the following identity
C¯ = R†C R . (4.125)
By construction, the dual states |c˜〉 and |c¯〉 obey
〈c˜I |c¯J〉 = 〈c¯J |c˜I〉 = δIJ , (4.126)
and, hence, the completeness relation for the new basis has the following form:∑
I
|c˜I〉 〈c¯I | =
∑
I
|c¯I〉 〈c˜I | =
∑
I,J
|c¯I〉 (C¯−1)IJ 〈c¯J | = 1 . (4.127)
Using Eqs. (4.122) and (4.126) we see that the dual vector 〈c˜| is related to the original
vector 〈c| by
〈c˜I | =
∑
j
1
〈cj|cj〉(R
−1)Ij 〈cj| . (4.128)
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Having introduced the dual states {c˜}, we can now write the matrix representation of the
anomalous dimension operator, Γt, in the new basis,
(Γt)IJ = 〈c˜I |Γt|c¯J〉 , (4.129)
such that the anomalous dimension matrices, and hence also K, in the diagonal and original
bases are related by
Γt = R−1 Γt R , (4.130)
K = R−1 K R ,
while the operator H transforms to
H→ H = R−1 H (R−1)† , (4.131)
with
α2S |M(0)|2 HIJ = M˜I M˜∗J ≡ 〈c˜I |M˜〉 〈M˜|c˜J〉 , (4.132)
where the hard-scattering matrix H in the diagonal basis admits the same perturbative
expansion as H in Eq. (4.95).
Using Eqs. (4.121) and (4.130), the evolution operator V can be written as
V(b0/b,Q) = R V(b0/b,Q) R−1 = R K(αS) V
(LO)(αS, α′S) K
−1(α′S) R−1 . (4.133)
The operator equation (4.119) in the diagonal basis has the following form:
K (1)IJ = −
1
β0
[
λI K
(1)
IJ − λJ K (1)IJ
]
+
β1λIδIJ − β0
(
Γ (2)t
)
IJ
β20
, (4.134)
which leads to the following solution:
K (1)IJ =
β1
β20
λI δIJ −
(
Γ (2)t
)
IJ
β0 + λI − λJ . (4.135)
Rewriting V(b0/b,M) = V(b0/b,Q) V(Q,M), the operator (H ∆) can be written as
(H ∆) = Tr
[
V(LO)(αS, α′S) H˜(α′S;Q,M)
(
V(LO)(αS, α′S)
)†
S(αS)
]
, (4.136)
where we have defined
H˜(α′S;Q,M) ≡ K−1(α′S) V(Q,M) H V†(Q,M) (K−1(α′S)) † , (4.137)
and S(αS) is given as
S(αS) =
(
K(αS)
)†
C¯ K(αS) . (4.138)
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The operator H˜(α′S;Q,M) in Eq. (4.136) does not depend on the impact parameter b and
can be expanded in powers of αS(µ2R)
H˜(α′S;Q,M) = H˜(0)(M) +
∞∑
n=1
(
αS(µ2R)
pi
)n
H˜(n)(Q,M) . (4.139)
The first- and second-order matrices H˜(0) and H˜(1) are
H˜(0) = H(0) , (4.140)
H˜(1) =H(1) − β0`RH(0) −
(
Γ(1), diagt H
(0) + H(0)
(
Γ(1), diagt
)†)
`Q (4.141)
−
(
K (1) H(0) + H(0)
(
K (1)
)†)
,
where `Q and `R are given in Eq. (3.88).
The contribution from large logarithms is embodied in V(LO) (and its complex con-
jugate) and in S. In particular, V(LO) explicitly depends on the impact parameter b
(see.Eq. (4.121)). Using the techniques discussed in the Chapter 3, the argument of the
exponent of V(LO) can be logarithmically expanded, and we write
V(LO) = exp{G(LO)(αS(µ2R), L)} , (4.142)
with
G(LO)(αS, L) = g(2)(LO)(αSL) +
∞∑
n=3
(
αS
pi
)(n−2)
g
(n)
(LO)(αSL) , (4.143)
and the coefficients g(n)(LO)(αSL) are diagonal matrices. Explicitly, the coefficients needed
for the NNLL-accurate resummation, g(2)(LO) and g
(3)
(LO), are
(g(2)(LO))IJ(αSL) =
λI
β0
ln(1− λ)δIJ , (4.144)
(g(3)(LO))IJ(αSL) = λI
(
β1
β20
ln(1− λ)
1− λ +
λ
1− λ ln
Q2
µ2R
)
δIJ ,
where λ = 1
pi
β0αS(µ2R)L and should not be confused with the eigenvalues λI of soft anoma-
lous dimension matrix. As anticipated, the soft wide angle emission of gluons, described
by anomalous dimension matrices, results in large logarithms contributing from NLL ac-
curacy (the logarithmic expansion in Eq. (4.143) starts with g(2)(LO)(αSL), as opposed to the
logarithmic expansion of the resummation factor in Eq. (3.67)).
The operator S also resumms large logarithms, through the evolution of the strong
coupling αS scale from b20/b2 to Q ∼ M . Note that the evolution can be realised at
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the level of the matrix elements SIJ , and no further diagonalization procedure is needed.
Explicitly, we write:
SIJ(αS(b20/b2)) = SIJ(αS(Q2)) exp
{
GS,IJ(αS(µ2R), L;M2/µ2R,M2/Q2)
}
. (4.145)
where
GS,IJ(αS(µ2R), L;M2/µ2R,M2/Q2) = −
∫ Q2
b20/b
2
dq2
q2
β(αS(q2))
d lnSIJ(αS(q2))
d lnαS(q2)
, (4.146)
and the matrix S has the following perturbative expansion in αS
S(αS) = S(0) +
∞∑
n=1
(
αS
pi
)n
S(n) . (4.147)
Explicitly, the first two coefficients S(0) and S(1) are given by
S(0) = C¯ , (4.148)
S(1) =
(
K (1)
)†
C¯ + C¯ K (1) .
Eq. (4.136) describes the all-order structure of the resummed cross section due to soft wide
angle radiation of gluons from the heavy quarks. An important feature of the structure of
Eq. (4.136) is that the individual ingredients, V(LO), H˜(α′S;Q,M) and S(αS) are separately
invariant under resummation scheme transformations order-by-order in αS. As a result,
one can systematically expand Eq. (4.136) to desired accuracy in an unambiguous way.
At NLL accuracy the expansion of (H ∆) factor has the following form
(H ∆)NLL = Tr
[
exp
{
g
(2)
(LO)
}
H˜(0) exp
{
g
(2)
(LO)
}†
S(0)
]
(4.149)
+ αS(µ
2
R)
pi
Tr
[
H˜(1) S(0) + H˜(0) S(1)
]
,
where we kept the first-order coefficient g(2)(LO) in the logarithmic expansion of the expo-
nential form factor, combined with the first-order hard-scattering matrix H˜(0), and with
the first-order coefficient S(0), while the form factor multiplying H˜(1) and S(1) is set to 1.
Note that this is sufficient for resumming the large logarithms up to NLL accuracy, and the
terms that have been neglected are proportional to αnSLn−1, which are of NNLL accuracy.
It is easy to see that the terms proportional to K (1) in H˜(1) and S(1) cancel out in the
second line of Eq. (4.149). Moreover, due to the absence of the exponential matrix in these
contributions, we can explicitly carry out the trace over the colour indices and write the
second line in terms of the scalar hard functions of Eqs. (4.98). We get,
Tr
[
H˜QQ¯ (1)c S
(0)
cc¯ + H˜QQ¯ (0)c S
(1)
cc¯
]
= HQQ¯ (1)c − β0`RHQQ¯ (0)c −
〈M˜(0)
cc¯→QQ¯|
(
Γ(1)t + Γ(1)†t
)
|M˜(0)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
`Q ,
(4.150)
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At NNLL accuracy the expansion of (H ∆) can be written as
(H ∆)NNLL = Tr
exp{g(2)(LO) + αS(µ2R)pi g(3)(LO)
}
H˜(0) exp
{
g
(2)
(LO) +
αS(µ2R)
pi
g
(3)
(LO)
}†
S(0)

(4.151)
+ αS(µ
2
R)
pi
Tr
[
exp
{
g
(2)
(LO)
}
H˜(1) exp
{
g
(2)
(LO)
}†
S(0)
]
+ αS(µ
2
R)
pi
Tr
[
exp
{
g
(2)
(LO)
}
H˜(0) exp
{
g
(2)
(LO)
}†
S(1)
]
exp
{
− ln(1− λ)
}
+
(
αS(µ2R)
pi
)2
Tr
[
H˜(2) S(0) + H˜(0) S(2) + H˜(1) S(1)
]
,
where we kept the first- and second-order coefficients g(2)(LO) and g
(3)
(LO) in the logarithmic
expansion of the exponential form factor, combined with the first-order hard-scattering
matrix H˜(0), and with the first-order coefficient S(0), while only the first-order coefficient
g
(2)
(LO) enters in the exponent multiplying H˜(1) and S(1). In the last line of Eq. (4.151)
the exponential form factor is set to 1, and the form factor exp{− ln(1− λ)} in the third
line of Eq. (4.151) originates from the logarithmic expansion of the form factor GS,IJ in
Eq. (4.146). It is easy to see that the neglected terms in Eq. (4.151) are proportional to
αnSL
n−2, which are of N3LL accuracy.
4.5 The resummed component
In the following we present the expression for the azimuthally-averaged resummed cross
section for the heavy-quark pair production process in the context of the resummation
formalism sketched in Section 3.1, accordingly combined with the additional resummation
factors due to the soft radiation from heavy quarks, presented in Section 4.4. Explicitly,
we write
[dσcc¯QQ¯]φ =
M2
s
∫ ∞
0
db b J0(bqT ) W cc¯→QQ¯(s; b, y,M,Ω;αS(µ2R), µ2R, µ2F ) . (4.152)
Following the steps described in Chapter 3, we can write the resummation formula at the
partonic level. In particular, we introduce the double Mellin momentsW cc¯→QQ¯N1,N2 (s; b, y,M,Ω)
of the hadronic and Wcc¯→QQ¯a1a2, (N1,N2)(s; b, y,M,Ω) of the partonic cross section, which are re-
lated through the factorization formula
W cc¯→QQ¯N1,N2 (s; b, y,M,Ω;αS(µ
2
R)) =
∑
a1, a2
Wcc¯→QQ¯a1a2, (N1,N2)(M, b,Ω;αS(µ2R)) fa1/h1, N1(µ2F ) fa2/h2, N2(µ2F ) .
(4.153)
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At NLL+NLO accuracy the partonic resummed cross section Wcc¯→QQ¯a1a2, (N1,N2) can then be
organized as
Wcc¯→QQ¯N1,N2 =
[
dσ
(0)
cc¯, QQ¯
] (
Tr
[
exp
{
g
(2)
(LO)
}
HQQ¯ (0)cc¯←a1a2, (N1,N2) exp
{
g
(2)
(LO)
}†
S(0)cc¯
]
+αS
pi
HQQ¯ (1)cc¯←a1a2, (N1,N2)
)
exp
{
GN1,N2(αS, L)
}
, (4.154)
with αS = αS(µ2R), and the matrix HQQ¯cc¯←a1a2, (N1,N2)(αS) is defined as the hard-collinear
function HFcc¯←a1a2, (N1,N2)(αS) in Eq. (3.59), by replacing HFc with H˜QQ¯c . Explicitly,
HQQ¯cc¯←a1a2, (N1,N2) =
[
H˜QQ¯ CN1 CN2
]
cc¯;a1,a2
(4.155)
× exp
{∫ Q2
M2
dq2
q2
[
A(αS(q2)) ln
M2
q2
+ 12
(
B˜N1(αS(q2)) + B˜N2(αS(q2))
)]
+
∫ M2
µ2F
dq2
q2
(
γN1(αS(q2)) + γN2(αS(q2))
)}
,
where the symbolic factor
[
H˜QQ¯ CN1 CN2
]
cc¯;a1,a2
is[
H˜QQ¯ CN1 CN2
]
cc¯;a1,a2
= H˜QQ¯c (M,Ω;αS(M2)) Cc a1, N1(αS(M2)) Cc¯ a2, N2(αS(M2)) ,
(4.156)
HQQ¯ (1)cc¯←a1a2, (N1,N2) in Eq. (4.154) is the first-order coefficient of the perturbative function
HQQ¯cc¯←a1a2, (N1,N2)
HQQ¯cc¯←a1a2, (N1,N2)(M,Ω, αS(µ2R)) = 1 +
∞∑
n=1
(
αS(µ2R)
pi
)n
HQQ¯ (n)cc¯←a1a2, (N1,N2) , (4.157)
which is defined as
HQQ¯cc¯←a1a2, (N1,N2) = Tr
[
HQQ¯cc¯←a1a2, (N1,N2) Scc¯
]
. (4.158)
The explicit expressions of the coefficients HQQ¯ (1)cc¯←a1a2, (N1,N2) and H
QQ¯ (2)
cc¯←a1a2, (N1,N2) are pre-
sented in Eqs. (4.166) and (4.171).
At NNLL+NNLO accuracy we write for the partonic resummed cross sectionWcc¯→QQ¯a1a2, (N1,N2)
Wcc¯→QQ¯N1,N2 =
Tr
exp{g(2)(LO) + αSpi g(3)(LO)
}
HQQ¯ (0)cc¯←a1a2, (N1,N2) exp
{
g
(2)
(LO) +
αS
pi
g
(3)
(LO)
}†
S(0)cc¯

+αS
pi
Tr
[
exp
{
g
(2)
(LO)
}
HQQ¯ (1)cc¯←a1a2, (N1,N2) exp
{
g
(2)
(LO)
}†
S(0)cc¯
]
+αS
pi
Tr
[
exp
{
g
(2)
(LO)
}
HQQ¯ (0)cc¯←a1a2, (N1,N2) exp
{
g
(2)
(LO)
}†
S(1)cc¯
]
exp
{
− ln(1− λ)
}
+
(
αS
pi
)2
HQQ¯ (2)cc¯←a1a2, (N1,N2)
)
exp
{
GN1,N2(αS, L)
}
, (4.159)
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where the first-order matrix HQQ¯ (1)cc¯←a1a2, (N1,N2) is given by[
HQQ¯ (1)cc¯←a1a2, (N1,N2)
]
φ(b)
= δca1δc¯a2
[
H˜QQ¯ (1)c −
(
B(1)c +
1
2A
(1)
c `Q
)
`Q H˜QQ¯ (0)c
]
(4.160)
+
[
δca1C
(1)
c¯a2, N2 + δc¯a2C
(1)
ca1, N1 +
(
δca1γ
(1)
c¯a2, N2 + δc¯a2γ
(1)
ca1, N1
)
(`F − `Q)
]
H˜QQ¯ (0)c .
4.6 The finite component
In this Section we present the explicit results for the finite component of the partonic cross
section dσˆreg.
a1a2→QQ¯+X , which is defined as in the case of the production of colourless final
system F (see Eq. (3.18)). To this purpose we expand the resummed partonic cross section
in αS and write it as in Eq. (3.76).
Wcc¯→QQ¯a1a2 (sˆ; b,M,Ω;αS, µ2R, µ2F , Q2) =
[
dσ
(0)
cc¯, QQ¯
] {
δca1δca2 δ(1− z1) δ(1− z2) (4.161)
+
∞∑
n=1
(
αS
pi
)n [
Σ˜QQ¯ (n)cc¯←a1a2
(
z1, z2, L˜;
M2
µ2R
,
M2
µ2F
,
M2
Q2
)
+ HQQ¯ (n)cc¯←a1a2
(
z1, z2;
M2
µ2R
,
M2
µ2F
,
M2
Q2
)]}
,
where αS = αS(µ2R). As in the case of colourless final system, in this case also the first
Σ˜QQ¯ (1)cc¯←a1a2 and second-order Σ˜
QQ¯ (2)
cc¯←a1a2 coefficients are polynomials of L˜
Σ˜QQ¯ (1)cc¯←a1a2(z1, z2, L˜) =
2∑
p=1
Σ˜QQ¯ (1;n)cc¯←a1a2(z1, z2) L˜n , (4.162)
Σ˜QQ¯ (1)cc¯←a1a2(z1, z2, L˜) =
4∑
p=1
Σ˜QQ¯ (2;n)cc¯←a1a2(z1, z2) L˜n , (4.163)
Below we present the NLO coefficients Σ˜QQ¯ (1;p)(z1, z2), HQQ¯ (1)(z1, z2) and the NNLO co-
efficients Σ˜QQ¯ (2;p)(z1, z2), HQQ¯ (2)(z1, z2) in the Mellin space. The structure of the leading
logarithmic contribution Σ˜QQ¯ (1;2)(z1, z2), as already mentioned, is unaffected by the soft
large-angle radiation from the heavy quarks. Moreover, since it is also process-independent,
Σ˜QQ¯ (1;2)(z1, z2) exactly coincides with Σ˜F (1;2)(z1, z2) of Eq. (3.80)
ΣQQ¯ (1;2)cc¯←a1a2, (N1,N2) = Σ
F (1;2)
cc¯←a1a2, (N1,N2) . (4.164)
The soft large-angle radiation effects first show up at NLL, leading to the Born-level colour-
correlated contribution. Explicitly, using the process-independent function Σ˜F (1;1)(z1, z2)
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of Eq. (3.81), the Σ˜QQ¯ (1;1)(z1, z2) function can be written as
ΣQQ¯ (1;1)cc¯←a1a2, (N1,N2) = Σ
F (1;1)
cc¯←a1a2, (N1,N2) − δca1δc¯a2
〈M˜(0)
cc¯→QQ¯|
(
Γcc¯ (1)t + Γcc¯ (1)†t
)
|M˜(0)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
.
(4.165)
The hard functionHQQ¯ (1)cc¯←a1a2, (N1,N2) can be written by setting k = 1∗ in Eq. (4.166), replacing
the hard-virtual functions HF (1)c by the corresponding hard function HQQ¯ (1)c , and by ac-
counting for resummation scale-dependent contribution from the soft anomalous dimension
matrices
HQQ¯ (1)cc¯←a1a2, (N1,N2) =H
F (1)
cc¯←a1a2, (N1,N2)|F=QQ¯, k=1 − δca1δc¯a2
〈M˜(0)
cc¯→QQ¯|
(
Γcc¯ (1)t + Γcc¯ (1)†t
)
|M˜(0)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
`Q .
(4.166)
At NNLO, Σ˜QQ¯ (2;4)(z1, z2) exactly coincides with Eq. (3.83), while Σ˜QQ¯ (2;3)(z1, z2) receives
contribution from the first-order anomalous dimension matrices, similar to the NLO coef-
ficient Σ˜QQ¯ (1;1)(z1, z2).
ΣQQ¯ (2;4)cc¯←a1a2, (N1,N2) = Σ
F (2;4)
cc¯←a1a2, (N1,N2) , (4.167)
ΣQQ¯ (2;3)cc¯←a1a2, (N1,N2) = −A(1)c
[1
3 β0 δca1δc¯a2 +
1
2 Σ
QQ¯ (1;1)
cc¯←a1a2, (N1,N2)
]
, (4.168)
The Σ˜QQ¯ (2;2)(z1, z2) and Σ˜QQ¯ (2;1)(z1, z2) are more involved in terms of colour correlations,
and therefore technically more difficult to deal with. Explicitly, they read
ΣQQ¯ (2;2)cc¯←a1a2, (N1,N2) =−
1
2 A
(1)
c
[
HQQ¯ (1)cc¯←a1a2, (N1,N2) − β0 δca1δc¯a2 (`R − `Q)
]
(4.169)
− 12
∑
b1,b2
ΣQQ¯ (1;1)cc¯←a1a2, (N1,N2)
[
δb1a1γ
(1)
b2a2, N2 + δb2a2γ
(1)
b1a1, N1
]
+ 12
∑
b1,b2
〈M˜(0)
cc¯→QQ¯|
(
Γcc¯ (1)t + Γcc¯ (1)†t
)
|M˜(0)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
[
δb1a1γ
(1)
b2a2, N2 + δb2a2γ
(1)
b1a1, N1
]
− 12
[
A(2)c δca1δc¯a2 +
(
B(1)c + A(1)c `Q − β0
)
ΣQQ¯ (1;1)cc¯←a1a2, (N1,N2)
]
+ 12 δca1δc¯a2B
(1)
c
〈M˜(0)
cc¯→QQ¯|
(
Γcc¯ (1)t + Γcc¯ (1)†t
)
|M˜(0)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
+ 12 δca1δc¯a2
〈M˜(0)
cc¯→QQ¯|
(
Γcc¯ (1)t + Γcc¯ (1)†t
)2 |M˜(0)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
,
∗we recall that k is the power of α2S at the Born level, which is one in the case of heavy-quark production
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ΣQQ¯ (2;1)cc¯←a1a2, (N1,N2) = Σ
QQ¯ (1;1)
cc¯←a1a2, (N1,N2) β0 (`Q − `R) (4.170)
− ∑
b1,b2
HQQ¯ (1)cc¯←b1b2, (N1,N2)
[
δb1a1δb2a2
(
B(1)c + A(1)c `Q
)
+ δb1a1γ
(1)
b2a2, N2 + δb2a2γ
(1)
b1a1, N1
]
−
[
δca1δc¯a2
(
B(2)c + A(2)c `Q
)
− β0
(
δca1C
(1)
c¯a2, N2 + δc¯a2C
(1)
ca1, N1
)
+ δca1γ
(2)
c¯a2, N2 + δc¯a2γ
(2)
ca1, N1
]
− δca1δc¯a2
〈M˜(0)cc¯→QQ¯|
(
Γcc¯ (1)t + Γcc¯ (1)†t
)
|M˜(1)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
+ h.c.

− δca1δc¯a2
〈M˜(0)
cc¯→QQ¯|
(
Γcc¯ (2)t + Γcc¯ (2)†t
)
|M˜(0)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
−
(
δca1C
(1)
c¯a2, N2 + δc¯a2C
(1)
ca1, N1
) 〈M˜(0)
cc¯→QQ¯|
(
Γcc¯ (1)t + Γcc¯ (1)†t
)
|M˜(0)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
+ δca1δc¯a2 β0
〈M˜(0)
cc¯→QQ¯|
(
Γcc¯ (1)t + Γcc¯ (1)†t
)
|M˜(0)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
`R
−
(
δca1γ
(1)
c¯a2, N2 + δc¯a2γ
(1)
ca1, N1
) 〈M˜(0)
cc¯→QQ¯|
(
Γcc¯ (1)t + Γcc¯ (1)†t
)
|M˜(0)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
(`F − `Q)
+ 12 δca1δc¯a2 A
(1)
c
〈M˜(0)
cc¯→QQ¯|
(
Γcc¯ (1)t + Γcc¯ (1)†t
)
|M˜(0)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
`Q
+ δca1δc¯a2
〈M˜(0)
cc¯→QQ¯|
(
Γcc¯ (1)t + Γcc¯ (1)†t
)2 |M˜(0)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
`Q .
In the Σ˜QQ¯ (2;2)(z1, z2) counterterm the main complication is connected with the last term,
which requires the computation of the Born-level colour correlations with four colour oper-
ators. The Σ˜QQ¯ (2;1)(z1, z2) function, besides the same complication, involves also the one-
loop colour-correlations, which are the technically most challenging ingredient in the com-
putation of Σ˜QQ¯ (2;p)(z1, z2) counterterms. The second-order hard function HQQ¯ (2)cc¯←a1a2, (N1,N2)
is written with the same notation as the first-order hard function HQQ¯ (1)cc¯←a1a2, (N1,N2) in
85
Chapter 4. Transverse-momentum resummation for heavy-quark pair production
Eq. (4.166). Explicitly, it reads
HQQ¯ (2)cc¯←a1a2, (N1,N2) =H
F (2)
cc¯←a1a2, (N1,N2)|F=QQ¯, k=1 (4.171)
− δca1δc¯a2
〈M˜(0)
cc¯→QQ¯|
(
Γcc¯ (2)t + Γcc¯ (2)†t
)
|M˜(0)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
`Q
+ 12 δca1δc¯a2
〈M˜(0)
cc¯→QQ¯|
(
Γcc¯ (1)t + Γcc¯ (1)†t
)2 |M˜(0)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
`Q
+ 12 δca1δc¯a2B
(1)
c
〈M˜(0)
cc¯→QQ¯|
(
Γcc¯ (1)t + Γcc¯ (1)†t
)
|M˜(0)
cc¯→QQ¯〉
|M˜(0)
cc¯→QQ¯|2
`2Q ,
and corresponding dependences on the ratiosM2/µ2R, M2/µ2F andM2/Q2 on the left-hand
sides of Eqs. (4.164)–(4.171) are understood.
As anticipated in Section 4.2.2, the second-order function HQQ¯ (2)gg←a1a2, (N1,N2) for the the
gluon fusion cross section receives additional contributions from the azimuthal average of
collinear-collinear and soft-collinear interference terms. Therefore, in this case Eq. (4.171)
should be replaced by
HQQ¯ (2)gg←a1a2, (N1,N2) →H
QQ¯ (2)
gg←a1a2, (N1,N2) +H
QQ¯
G (p1, p2; Ω;αS) G
(1)
ga1, N1 G
(1)
ga2, N2 (4.172)
+ δga2 H
QQ¯
DD(p1, p2; Ω;αS) G
(1)
ga1, N1 + δga1 H
QQ¯
DG(p1, p2; Ω;αS) G
(1)
ga2, N2 ,
with HQQ¯G and H
QQ¯
DG given in Eqs. (4.84) and (4.85), respectively.
The finite component dσˆreg.
a1a2→QQ¯ of the qT distribution for the QQ¯ production can then
be written as in Eqs. (3.74) and (3.75) for the colourless final state. Explicitly, the N(NLO)
truncation of the finite component reads[ dσˆreg.
a1a2→QQ¯
dq2T dz1 dz2 dΩ
]
N(NLO)
=
[ dσˆa1a2→QQ¯+jet
dq2T dz1 dz2 dΩ
]
N(LO)
−
[ dσˆsing.
a1a2→QQ¯
dq2T dz1 dz2 dΩ
]
N(NLO)
, (4.173)
where the resummed component at N(NLO) has the similar form as in Eqs. (3.89) and (3.90).[ dσˆsing.
a1a2→QQ¯
dq2T dz1 dz2 dΩ
(qT ,M, sˆ, z1, z2,Ω;αS(µ2R))
]
NLO
= αS(µ
2
R)
pi
z1z2
Q2
∑
c
[
dσ
(0)
cc¯, QQ¯
]
×
[
ΣQQ¯ (1;2)cc¯←a1a2(z1, z2) I˜2(qT/Q) + Σ
QQ¯ (1;1)
cc¯←a1a2(z1, z2) I˜1(qT/Q)
]
. (4.174)
[ dσˆsing.
a1a2→QQ¯
dq2T dz1 dz2 dΩ
(qT ,M, sˆ, z1, z2,Ω;αS(µ2R))
]
NNLO
=
[ dσˆsing.
a1a2→QQ¯
dq2T dz1 dz2 dΩ
(qT ,M, sˆ, z1, z2,Ω;αS(µ2R))
]
NLO
+
(
αS(µ2R)
pi
)2
z1z2
Q2
∑
c
[
dσ
(0)
cc¯, QQ¯
] 4∑
k=1
ΣQQ¯ (2;k)cc¯←a1a2(z1, z2) I˜k(qT/Q) . (4.175)
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4.7 Results
In this Section we present numerical results for the azimuthally-averaged qT spectrum of
the tt¯ pair, produced in pp collisions. The results are obtained with a numerical program
which is based on the qT -resummation programs HRes [124, 149] and DYRes [125, 150], for
the Higgs boson and vector boson productions, respectively. We have implemented the
new contributions related to the soft wide angle radiation off the heavy quarks according
to the results presented in previous sections of this chapter. Due to missing contributions
at NNLL, we limit ourselves to the presentation of the results at NLL+NLO accuracy (see
Eq. (4.154)). In particular, we compare our resummed results with the fixed-order results
at NLO and with the latest experimental data by ATLAS collaboration [24].
To compute the tt¯ cross section we use the MSTW2008 [151] PDFs with the QCD
running coupling and αS evaluated at two-loop order. The pole mass of the top quark
is mt = 173.3 GeV. As discussed in previous sections, our resummed predictions depend
on renormalization, factorization and resummation scales. Our convention to compute
factorization and renormalization scale uncertainties is to consider independent variations
of µF and µR by a factor of two around the central values µF = µR = mt (i.e. we consider
the range mt/2 ≤ {µF , µR} ≤ 2mt), with the constraint 0.5 ≤ µF/µR ≤ 2. Similarly, we
choose Q = mt as central value of the resummation scale, considering scale variations in
the range mt/2 < Q < 2mt.
Figure 4.1: The transverse momentum spectrum of the tt¯ pair at the LHC (
√
s = 8 TeV)
computed at NLL+NLO accuracy (solid line). The result is compared to the corresponding
(NLO) fixed-order result (dashed line) and to the regular component (dotted line).
In Fig. 4.1 the NLL+NLO qT spectrum (solid line) at the default scales (µF = µR =
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Q = mt) is compared to the corresponding NLO result (dashed line) and to the regular
component of the resummed cross section (dotted line) (see Eq. (4.3)). We see that the
the NLO result diverges to +∞ as qT → 0. The resummation of the small-qT logarithms
leads to a well-behaved distribution at small transverse momenta, with a kinematical peak
at qT ∼ 10 GeV, and tends to the corresponding NLO result at large values of qT . In the
low-qT region the NLL+NLO result is dominated by resummation, the regular component
being of the order of ∼ 7 %. In the region of intermediate values of qT (say, around
100 GeV), the contribution of the regular component increases to ∼ 30 %, while at large
values of qT the contribution of the NLO finite component sizeably increases, indicating
that the logarithmic terms are no longer dominant and that the resummed calculation
cannot improve upon the predictivity of the fixed-order expansion.
(a) (b)
Figure 4.2: The qT spectrum of the tt¯ pair at the LHC (
√
s = 8 TeV) computed at
NLL+NLO accuracy. The bands are obtained by varying µF and µR (left plot) and Q
(right plot) as described in the text. The lower panels present the scale variation bands
relative to the central result.
In Fig. 4.2 we show the scale dependence of our results. In the left plot we consider
variations of the renormalization and factorization scales with the default resummation
scale. The bands are obtained by varying µR and µF as previously described in this
section. The scale variation in the peak region is of the order of ±15%. At intermediate
values of qT the scale variation shrinks a bit, while in the region of large values of qT the
scale variation increases dramatically, reaching even to ±100%.
In the right panel of Fig. 4.2 we consider resummation scale variation. The bands are
obtained by fixing µR = µF = mt and varying Q between mt/2 and 2mt. Performing vari-
ations of the resummation scale, we can get further insight on the size of yet uncalculated
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qT,tt¯ [GeV] 1σ
dσ
dqT,tt¯
[TeV−1] ATLAS 1
σ
dσ
dqT,tt¯
[TeV−1] NLL+NLO
0-30 14.3 ± 1.0 14.96 ± 0.99
30-70 7.60 ± 0.16 7.81 ± 0.36
70-120 2.94 ± 0.28 2.84 ± 0.28
120-180 1.14 ± 0.12 0.99 ± 0.08
180-250 0.42 ± 0.04 0.34 ± 0.02
250-350 0.143 ± 0.018 0.096 ± 0.020
350-1000 0.0099 ± 0.0015 0.0062 ± 0.0040
Table 4.1: Normalized qT,tt¯ distribution at
√
s = 8 TeV.
higher-order logarithmic contributions at small and intermediate values of qT . We find that
in the peak region the resummation scale dependence is about 15% and positive, while at
very large transverse momenta the variation is negative and very large.
The integral over qT of the resummed NLL+NLO spectrum is in agreement (for any
values of µR, µF and Q) with the value of the NLO total cross section to better than 0.5%,
thus checking the numerical accuracy of the code. For example, for the default scales, out
NLL+NLO cross section is 226.3 pb, and agrees with the NLO one (226.6 pb) better than
0.2%.
Finally, we compare our results with the recent measurement of ATLAS experiment [24].
The dataset corresponds to an integrated luminosity of 20.2 fb−1 at 8 TeV, recorded with
the ATLAS detector at the LHC. The results of this comparison are shown in Table 4.1.
One can see that the theoretical predictions obtained with our program agree well with the
experimental results along the whole range of transverse momenta. One can also see that
the uncertainties of the NLL+NLO calculation, obtained by taking the envelope of the
seven-point scale variation of µR and µF for the central resummation scale Q = mt and the
variation of Q by factor of two with central µR and µF , are of the order of the experimental
uncertainties. The experimental uncertainties will decrease with the new data, accumulated
during the second run of LHC, and more precise theoretical computations will be of utmost
importance. Our resummation formalism and the developed program is well suited for this
task, provided that the two-loops amplitudes, which contribute at the next perturbative
order, will be computed.
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qT subtraction for heavy-quark pair
production
The implementation of the various scattering amplitudes in a complete NNLO calculation
at the fully differential (exclusive) level is a highly non-trivial task because of the presence
of infrared (IR) divergences at intermediate stages of the calculation. In particular, these
divergences do not permit a straightforward implementation of numerical techniques. As
we have mentioned in the Introduction, various methods have been proposed and used to
overcome these difficulties at the NNLO level [35–51].
The qT subtraction formalism [48] is one of these methods to handle and cancel the IR
divergences at the NLO and NNLO level. The method has been successfully applied to the
fully differential computation of NNLO QCD corrections to several hard-scattering pro-
cesses [48,97–107]. It uses IR subtraction counterterms that are constructed by considering
and explicitly computing the transverse-momentum (qT ) distribution of the produced final-
state system in the limit qT → 0. If the produced final-state system is composed of non-
QCD (colourless) partons (e.g., leptons, vector bosons or Higgs bosons), the behaviour of
the qT distribution in the limit qT → 0 has a universal (process-independent) structure that
is explicitly known up to the NNLO level through the formalism of transverse-momentum
resummation [128], presented in Chapter 3. These results on transverse-momentum re-
summation are sufficient to fully specify the qT subtraction formalism for this entire class
of processes. Therefore, up to now, the applications of the qT subtraction formalism have
been limited to the production of colourless high-mass systems in hadron collisions.
In this Chapter we present our results on the application of the qT subtraction method
to the NNLO computation of heavy-quark production in hadron collisions. To this pur-
pose, we use the recent progress on transverse-momentum resummation for heavy-quark
production [93–95]. We exploit the formulation of transverse-momentum resummation in
Ref. [95], presented in Section 4.1, that includes the complete dependence on the kinemat-
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ics of the heavy-quark pair. This dependence and, in particular, the complete control on
the heavy-quark azimuthal correlations are essential (see below) to extract all the NNLO
counterterms of the qT subtraction method.
In the following, on the example of the QQ¯ production process, we present the main
building blocks of the qT subtraction method. The qT cross section dσh1h2→QQ¯/dq2T for
the inclusive production process h1(P1) + h2(P2) → Q(p3) + Q¯(p4) + X of Eq. (4.1) is
computable by convoluting the corresponding partonic cross sections dσˆa1a2→QQ¯/dq2T of the
various partonic channels with the parton distribution functions of the colliding hadrons.
We first note that, at LO, the transverse momentum qT = p3T + p4T of the QQ¯ pair is
exactly zero. As a consequence, as long as qT 6= 0, the (N)NLO contributions are actually
given by the (N)LO contributions to the QQ¯ + jet(s) process. Thus, we can write the
partonic differential cross section as[
dσˆa1a2→QQ¯
]
(N)NLO
|qT 6=0 =
[
dσˆa1a2→QQ¯+jets
]
(N)LO
. (5.1)
Applying Eq. (5.1) at NLO, the LO cross section
[
dσˆa1a2→QQ¯+jets
]
LO
can be directly ob-
tained by integrating the corresponding tree-level scattering amplitudes. Applying Eq. (5.1)
at NNLO,
[
dσˆa1a2→QQ¯+jets
]
NLO
can be evaluated by using any available NLO method
(e.g., Refs. [28, 30, 31]) to handle and cancel the corresponding IR divergences. There-
fore,
[
dσˆa1a2→QQ¯+jets
]
(N)LO
is IR finite provided qT 6= 0. The only remaining singularities
of NNLO type are associated to the limit qT → 0. As we have shown in Section 4.6,
where we have constructed the regular component dσˆreg.
a1a2→QQ¯ of the partonic cross section
dσˆa1a2→QQ¯, the singular behaviour of the
[
dσˆa1a2→QQ¯+jets
]
(N)LO
cross section in the limit
qT → 0 is given by the expansion of the singular cross section dσˆsing.a1a2→QQ¯ at N(NLO) (see
Eq. (4.173)). This fact is the key point of the qT subtraction method. More precisely, the
analytical knowledge of the singular limit at low qT is used to construct an IR subtraction
counterterm to cancel the divergencies in the
[
dσˆa1a2→QQ¯+jets
]
(N)LO
cross section.
Explicitly, according to the qT subtraction method [48], the (N)NLO partonic cross
section dσˆ(N)NLO
a1a2→QQ¯ can be written as
dσˆ
(N)NLO
a1a2→QQ¯ = H
(N)NLO
a1a2→QQ¯ ⊗ dσ
LO
cc¯,QQ¯ +
[
dσˆ
(N)LO
a1a2→QQ¯+jet − dσˆ
QQ¯,CT
(N)NLO a1a2
]
, (5.2)
where a sum over the Born level partonic channels cc¯ = qq¯ and cc¯ = gg is understood.
The square bracket term of Eq. (5.2) is IR finite in the limit qT → 0, but its individ-
ual contributions, dσ(N)LO
QQ¯+jet and dσ
QQ¯,CT
(N)NLO are separately divergent. The IR subtraction
counterterm dσQQ¯,CT(N)NLO is obtained from the (N)NLO perturbative expansion of the resum-
mation formula of the logarithmically-enhanced contributions to the qT distribution of the
QQ¯ pair, given by Eqs. (4.174) and (4.175) at NLO and NNLO respectively. Explicitly,
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the IR subtraction counterterm dσQQ¯,CT(N)NLO in the partonic channel a1a2 → tt¯+X is
dσQQ¯,CTNLO =
∑
c=q,q¯,g
αS
pi
Σ˜QQ¯ (1)cc¯←a1a2(z1, z2; qT/M)
dq2T
M2
⊗ dσˆQQ¯LO cc¯ , (5.3)
dσQQ¯,CTNNLO =
∑
c=q,q¯,g
(
αS
pi
)2
Σ˜QQ¯ (2)cc¯←a1a2(z1, z2; qT/M)
dq2T
M2
⊗ dσˆQQ¯LO cc¯ . (5.4)
The explicit forms of Σ˜QQ¯ (1)cc¯←a1a2 and Σ˜
QQ¯ (2)
cc¯←a1a2 are worked out in Section (4.6). Here we recall
that they are organised in the following form:
Σ˜QQ¯ (1)cc¯←a1a2(z1, z2; qT/M) =
2∑
n=1
Σ˜QQ¯ (1;n)cc¯←a1a2(z1, z2) In(qT/M) , (5.5)
Σ˜QQ¯ (2)cc¯←a1a2(z1, z2; qT/M) =
4∑
n=1
Σ˜QQ¯ (2;n)cc¯←a1a2(z1, z2) In(qT/M) , (5.6)
where the coefficients Σ˜QQ¯ (1;n)cc¯←a1a2 and Σ˜
QQ¯ (2;n)
cc¯←a1a2 are given in Eqs. (4.164)–(4.165) and (4.167)–
(4.170), respectively. The expressions in (5.3) and (5.4) involve convolutions (which are
denoted by the symbol ⊗) with respect to the longitudinal-momentum fractions z1 and
z2 of the colliding partons c and c¯ in dσˆQQ¯LO cc¯. The integration variable qT in Eqs. (5.3)
and (5.4) corresponds, in the limit qT → 0, to the transverse momentum of the produced
QQ¯ pair in the cross section dσˆQQ¯+jet(N)LO on the right-hand side of Eq. (5.2). Together, the
term in the square bracket of Eq. (5.2) accounts for all the contribution to the partonic
cross section dσˆ(N)NLO
QQ¯
at qT 6= 0 and is fully known up to NNLO.
The contribution at qT = 0 is embodied in the hard-collinear (IR-finite) factorsH(N)NLOa1a2→QQ¯,
given by Eqs. (4.166) and (4.171). In general, they receive contributions of both process-
independent and process-dependent nature. As we have already discussed, the process-
independent contributions to HQQ¯N(NLO) are analogous to those that contribute to Higgs
boson [48] and vector boson [98] production, and they are explicitly known [128,152–154].
The process-dependent contributions in H(N)NLO
a1a2→QQ¯ are embodied in the hard-virtual func-
tions HQQ¯c (c = q, g), defined in Eq. (4.98). We recall that the n-th order hard-virtual
functions HQQ¯ (n)c depend on the n-loop virtual corrections and on the n-th order IR coun-
terterms I˜(n)
cc¯→QQ¯, more importantly, on the n-th order IR finite contribution F
(n)
t .
More precisely, the NLO hard-collinear counterterms HNLO
a1a2→QQ¯ depend on the Born
amplitudes, and on the one-loop virtual amplitudes, and are completely known [93–95]
for all the partonic channels. The NNLO hard-collinear counterterms HNNLO
a1a2→QQ¯ in the
off-diagonal partonic channels derive from the knowledge of at most one-loop virtual am-
plitudes and from the explicit results on the NLO azimuthal correlation terms in the
transverse-momentum resummation formalism [95]. The analytical computation of lat-
ter terms, presented in Section 4.2.2 (see Eqs. (4.84) and (4.85)), therefore, is absolutely
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crucial for the explicit determination of the HNNLO
a1a2→QQ¯ counterterms in general, and for all
the off-diagonal partonic channels, in particular. The second-order hard-collinear coun-
terterms in the diagonal channels HNNLO
cc¯→QQ¯, in addition, depend also on the two-loop virtual
amplitudes and on the second-order IR finite contribution F(2)t , which are currently un-
known.
Therefore, in the NNLO calculation of the cross section in this Chapter we present
numerical results for all the flavour off-diagonal channels a1a2 → tt¯ + X, with a1a2 =
qg(q¯g), qq(q¯q¯), qq′(q¯q¯′), qq¯′(q¯q′) (q and q′ denote quarks with different flavour), while for
the flavour diagonal partonic channels qq¯ → tt¯+X and gg → tt¯+X we limit ourselves to
show the cancellation of IR singularities at small qT .
5.1 Implementation and checks
Up to NLO accuracy our numerical implementation is based on the tree-level scattering
amplitudes and phase space generation of theMCFM program [155], suitably modified for
qT subtraction along the lines of the corresponding numerical programs for Higgs boson [48]
and vector boson [98] production. At NNLO accuracy the tt¯+jet cross section is evaluated
by using the Munich code [109]. Munich provides a fully automated implementation of
the NLO dipole subtraction formalism [28, 30] as well as an interface to the one-loop gen-
erator OpenLoops [32], which can also be used to obtain the spin- and colour-correlated
tree-level matrix elements needed for the dipole terms. For the evaluation of tensor in-
tegrals we rely on the Collier library [156], which is based on the Denner–Dittmaier
reduction techniques [157] of tensor integrals and on the scalar integrals of Ref. [158].
In OpenLoops problematic phase space points are addressed with a rescue system that
uses the quadruple-precision implementation of the OPP method in CutTools [159] with
scalar integrals fromOneLOop [160]. The computation of the hard-collinearHtt¯(N)NLO and
IR subtraction dσˆtt¯, CT(N)NLO counterterms is based on our private implementation of analytical
colour-correlated Born-level and one-loop amplitudes.
Based on the Munich NLO framework, recently the Matrix NNLO framework [161]
was developed, which includes an automated implementation of qT -subtraction and resum-
mation. This automated framework is limited only by the two-loop amplitudes entering
the hard-collinear counterterm HFNNLO, and has already been used, in combination with
the two-loop scattering amplitudes of Refs. [162–164], for the calculations of Zγ [101,105],
W±γ [105], ZZ [103, 165], W+W− [104, 166], W±Z [106] and HH [107] production at
NNLO QCD as well as in the resummed computations of the ZZ and W+W− transverse-
momentum spectra [127] at NNLL+NNLO. Matrix has inherited such features of the
Munich framework as the automatic computation of scale uncertainties both for total
cross sections and for distributions, the computation of arbitrarily many single-differential
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distributions in a single run, and a natural parallelisation of the computation into par-
tonic channels. In view of exploiting these nice features in our heavy-quark production
computation and, more importantly, of the prospect on future automation of the NNLO
computations for processes with additional colourless final-state particles, we have started
implementing the relevant counterterms of the qT subtraction method for heavy-quark
production process in the Matrix framework. Up to NLO accuracy we already have the
full implementation, while at NNLO accuracy we have finished the implementation of the
dσˆtt¯, CTNNLO counterterm contribution for all the off-diagonal partonic channels. We find full
agreement between the results obtained with Matrix and our original implementation in
Fortran. At this stage the implementation of the dσˆtt¯, CTNNLO counterterms in the diagonal
partonic channels is not possible in theMatrix framework due to the yet unavailable one-
loop colour-correlated amplitudes in OpenLoops [32]. Together with the OpenLoops
team we are working on fixing the colour-bases and in the near future we will be able to
complete the implementation also for the diagonal partonic channels.
As we have already mentioned, the transverse-momentum resummation for heavy-quark
production has been also worked out in SCET [93,94]. In particular, the paper [94] provides
the expansion of the resummation formula at NNLO accuracy in a Mathematica notebook
file, as a function of the kinematical variables of the process. We have checked our results
against the results in this Mathematica file for fixed phase space points and found perfect
agreement for the terms contributing to the dσˆtt¯, CT(N)NLO counterterms at (N)NLO and to the
hard-collinear functions Htt¯NLO at NLO accuracy. The NNLO hard-collinear counterterm
Htt¯NNLO can not be fully constructed from the expansion of the resummation formula of
Refs. [93, 94] even for the off-diagonal partonic channels, due to the missing contributions
from the azimuthal correlation terms (see Eq. (4.172)).
In the practical implementation of the qT subtraction method we treat the terms in the
square bracket of Eq. (5.2), dσˆ(N)LO
a1a2→QQ¯+jet and dσˆ
QQ¯,CT
(N)NLO a1a2 separately from each other,
by introducing a technical cut on qT , which renders both terms separately finite. In this
way, the qT -subtraction method works very similarly to a phase-space slicing method. In
practice, it turns out to be more convenient to use a cut, rcut, on the dimensionless quantity
r = qT, tt¯/Mtt¯.
The counterterm dσˆQQ¯,CT(N)NLO a1a2 cancels all divergent terms from the real-emission con-
tributions at small qT , implying that the rcut dependence of their difference should vanish
in the rcut → 0 limit. In practice, however, as both the counterterm and the real-emission
contribution grow arbitrarily large for rcut → 0, the statistical accuracy of the Monte Carlo
integration degrades, preventing one from going to very low values of rcut. On the other
hand, the rcut dependence of the cross section can be used as a tool to check the correct-
ness of the computation, since any significant mismatch between the counterterm and the
real contribution would result in a divergent cross section in the limit rcut → 0. We also
use the numerical information on the rcut dependence of the cross section to quantify the
uncertainty due to finite rcut values.
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5.2 Results
Having discussed the content of Eq. (5.2), we are in a position to apply it to tt¯ production
and to obtain the complete NLO results plus the NNLO corrections in all the flavour off-
diagonal partonic channels. As we have mentioned in the beginning of this chapter, we
have the full information needed to construct the counterterm dσˆQQ¯,CTNNLO also in the flavour
diagonal partonic channels qq¯ → tt¯ + X and gg → tt¯ + X. Therefore, we also present the
stability of the qT subtraction method in these partonic channels. Our NLO implementation
of the calculation has the main purpose of illustrating the applicability of the qT subtraction
method to heavy-quark production and, in particular, of cross-checking the qT subtraction
methodology by numerical comparisons with NLO calculations performed by using more
established NLO methods. Our NNLO results on tt¯ production represent a first step (due
to the missing flavour diagonal partonic channels) towards the complete NNLO calculation
for this production process.
5.2.1 Results at NLO
We start the presentation of our results by considering pp collisions at
√
s = 8 TeV. We
use the MSTW2008 [151] PDFs with the QCD running coupling αS evaluated at each
corresponding order (i.e., we use (n+ 1)-loop αS at NnLO, with n = 1, 2). The pole mass
of the top quark is mt = 173.3 GeV. The renormalization and factorization scales, µR and
µF , are fixed at µR = µF = mt.
In Fig. 5.1 we show the rcut dependence of our NLO results for all the partonic channels
contributing at this order, as well as for the full NLO cross section (all partonic channels
combined). These results are obtained with the Matrix framework, which allows for
simultaneous cross-section evaluations at variable rcut values, without the need of repeated
runs. In the upper panels of Fig. 5.1, the rcut dependence in the diagonal partonic channels
(qq¯ and gg) are presented, while the lower left panel plot depicts the rcut dependence in the
qg channel, which contributes first at relative order αS. In the lower right panel we show
the rcut dependence of the full NLO cross section. We vary the technical cut variable rcut
in the range from 0.01 % to 1 %. The rcut-independent cross section in the corresponding
partonic channels, obtained with Catani-Seymour subtraction is used as a reference for
the validation of the qT -subtraction result. As we see from Fig. 5.1, the rcut dependence
is of the order of −0.3 % and −0.6 % for the qq¯ and gg channels, respectively, while the
cross section in the qg channel exhibits much larger rcut dependence, of the order of −7 %.
The relatively larger rcut dependence in the qg channel is due to the fact that this channel
starts to contribute only from NLO. In general, the rcut dependence is due to the power-
suppressed contributions that are left after the cancellation of the logarithmic singularity
at small rcut. We observe relatively larger power corrections for the tt¯ production cross
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section compared to the production processes of colourless systems, which do not involve
photons (see. e.g. the rcut dependence studies for the W+W− production in Ref. [166]).
As we have discussed in the previous sections, the IR singularity structure for the heavy-
quark production process is richer than that of the production of colourless high-mass
systems, due to the soft large-angle radiation of partons from the heavy quarks. Thus, it
is most likely that the relatively larger power corrections that we see in Fig. 5.1 originate
from these additional singularities. Despite the relatively larger rcut dependence, our NLO
results in all partonic channels reproduce the Catani-Seymour results for very low rcut
values, providing, thus, a strong check on our results.
In Figs. 5.2 and 5.3 we compare the NLO differential distributions obtained by using
MCFM (which implements the dipole subtraction method [28, 30]) with those obtained
by using our numerical program. In particular in Fig. 5.2 we consider the invariant mass
(mtt¯) distribution (left) and the rapidity (ytt¯) distribution (right) of the tt¯ pair. In Fig. 5.3
we consider the rapidity (yt) distribution (left) and the transverse-momentum (pT,t) dis-
tribution (right) of the top quark. We clearly see that the distributions obtained with qT
subtraction are in excellent agreement with those obtained withMCFM. We have checked
that the agreement persists also for different choices of µR and µF .
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Figure 5.1: Dependence of the NLO pp→ tt¯+X cross section at 8 TeV on the qT subtraction
cut, rcut, for qq¯ (upper left plot), gg (upper right plot) and qg (lower central plot) partonic
channels. The results are normalized to the rcut-independent NLO cross section computed
with Catani-Seymour subtraction.
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(a) (b)
Figure 5.2: The invariant mass (left) and rapidity (right) distributions of the tt¯ pair at
the LHC (
√
s = 8 TeV) computed at NLO accuracy. Comparison of our results (blu) with
the MCFM results (red). The lower panel presents the ratio of our results over the MCFM
results.
(a) (b)
Figure 5.3: The rapidity (left) and transverse-momentum (right) distributions of the top
quark at the LHC (
√
s = 8 TeV) computed at NLO accuracy. Comparison of our results
(blu) with the MCFM results (red). The lower panel presents the ratio of our results over
the MCFM results.
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5.2.2 Results at NNLO
We now move to consider the NNLO contributions. We first consider contributions to the
NNLO cross section from the flavour off-diagonal partonic channels ab → tt¯ + X. The
contribution from all the channels with ab = qg, q¯g is labelled by the subscript qg, and
the contribution from all the channels with ab = qq, q¯q¯, qq′, q¯q¯′, qq¯′, q¯q′ is labelled by the
subscript q(q¯)q′. We note that the partonic channels q(q¯)q′ contribute first at NNLO, while
the qg channel contributes starting from NLO.
In Fig. 5.4 we show the rcut dependence of the NNLO cross section contribution from
the term in the square bracket of Eq. (5.2) in these partonic channels. Moreover, in order
to concentrate on the rcut dependence of the terms contributing at relative order α2S, and in
particular to avoid possible cancellation of rcut dependence from the O(αS) contribution,
in the case of the qg channel (right panel) the contribution to the NNLO cross section at
relative order αS is computed with rcut-independent Catani-Seymour subtraction. The two
histograms in Fig. 5.4 correspond to the different implementations of the IR subtraction
counterterms. In particular, the green histogram is obtained in the Matrix framework,
while the one in magenta is obtained with the Fortran implementation. The two results
are in a good agreement at small rcut values, while at higher rcut the results for the q(q¯)q′
partonic channel exhibit some differences. The difference has a statistical origin and related
to the different mechanisms of obtaining the rcut dependence results. While the Matrix
framework allows for simultaneous cross-section evaluations at variable rcut values, the
Fortan implementation does not have this feature. Up to rcut = 0.1 % we perform separate
runs for every value of rcut variable, while the prediction at higher rcut values is obtained
through the r-distribution of the cross section, which has a lower statistical accuracy and
apparently a bit underestimated statistical error at larger values of the rcut variable for the
q(q¯)q′ channel.
As one can see from the right plot of Fig. 5.4, the rcut dependence in the qg channel
at NNLO is about 8 % and is opposite in sign of that at NLO, presented in Fig. 5.1. The
rcut dependence in the q(q¯)q′ partonic channels is much smaller, at the order of 0.5 %.
We note that even though the cross section in the qg channel starts at relative order αS,
the contribution at relative order α2S is by far the dominating one. Therefore, we do not
see the characteristic suppression of the rcut dependence that we have seen for the NLO
cross section in the diagonal partonic channels. We also recall that at this order the
IR subtraction counterterm dσˆQQ¯,CT(N)NLO qg in the qg channel receives contribution from the
soft anomalous dimension matrices, originating from the final-state soft radiation, while
the cross section in the q(q¯)q′ partonic channels is free of such contribution, which might
explain the relatively larger rcut dependence in the qg channel with respect to the q(q¯)q′
channel. We finally note, most importantly, that we do not observe any significant rcut
dependence below rcut = 0.1 %, which provides a stringent check on the correct cancellation
of the IR singularities in the dσNLO
QQ¯+jet cross section. We therefore use the finite-rcut results
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to extrapolate to rcut = 0, taking into account the breakdown of predictivity for very low
rcut values, and conservatively assign an additional numerical error to our results due to
this extrapolation, which is of the order of 0.2 % and 1 % for the q(q¯)q′ and qg channels,
respectively.
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Figure 5.4: Dependence of the qT 6= 0 contribution to the NNLO pp→ tt¯+X cross section
at 8 TeV on the qT subtraction cut, rcut, for q(q¯)q′ (left plot), and qg (right plot) partonic
channels, obtained with Matrix (green) and our Fortran implementation (magenta). The
results are normalized to their values at rcut → 0, with a conservative extrapolation-error
indicated by the blue bands.
Having presented the rcut dependence of the cross section contribution from the term
in the square bracket of Eq. (5.2), we can now combine this term with the contribution
from hard-collinear countertermsHNNLOa1a2→tt¯, which are explicitly known for these off-diagonal
partonic channels, thanks to the analytical computation of the azimuthal correlation con-
tribution, given in Eqs. (4.65), (4.85). In Table 5.1 we report our results and we compare
them with the corresponding results from the numerical program Top++ [167], which
implements the NNLO calculation of Ref. [57]. Specifically, we report the complete NLO
results and theO(α4S) contributions to the NNLO cross section from the flavour off-diagonal
partonic channels. From Table 5.1 we see that the results obtained by using qT subtraction
are in agreement with those from Top++. We note that the numerical uncertainties of
our O(α4S) results are at the 2% level. This is partially due to the uncertainty that we
assign from our rcut dependence analysis and partially due to the fact that in both the
qg and q(q¯)q′ channels at
√
s = 8 TeV there is a strong quantitative cancellation between
the contributions of the two terms in the right-hand side of Eq. (5.2) (the term that is
proportional to Htt¯NNLO and the term in the square bracket). The numerical uncertainties
of our O(α4S) calculation can be reduced by considering different centre–of–mass energies.
In particular, the numerical cancellation that we have mentioned is reduced by decreasing
the centre–of–mass energy of the collision. We have computed the total cross section for
pp¯ collisions at
√
s = 2 TeV and we report the corresponding results in Table 5.2. We
note that the numerical agreement between our calculation and the Top++ result is still
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satisfactory, and the numerical uncertainties of our O(α4S) results are reduced below the
1% level. Using Top++ we can compute the complete NNLO result and we note that the
flavour off-diagonal partonic channels contribute to about 10% of the total result at O(α4S)
for both collision energies considered in Tables 5.1 and 5.2.
Cross section [pb] NLO O(α4S)|qg O(α4S)|q(q¯)q′
qT subtraction 226.2(1) −2.25(5) 0.151(3)
Top++ 226.3 −2.253 0.148
Table 5.1: Total cross sections for tt¯ production. NLO and (partial) NNLO results from
qT subtraction compared with the corresponding results from Top++ for pp collisions at√
s = 8 TeV.
Cross section [fb] NLO O(α4S)|qg O(α4S)|q(q¯)q′
qT subtraction 7083(3) −61.5(5) 1.33(1)
Top++ 7086 −61.53 1.33
Table 5.2: Total cross sections for tt¯ production. NLO and (partial) NNLO results from
qT subtraction compared with the corresponding results from Top++ for pp¯ collisions at√
s = 2 TeV.
We finally move to consider the contribution to the NNLO cross section from the diag-
onal partonic channels qq¯ and gg. As we have mentioned in the beginning of this chapter,
at this stage we are not able to compute the full NNLO cross section in these channels,
due to the missing information in the hard-collinear counterterms HNNLOcc¯→tt¯ . However, we
have the full analytical knowledge of the IR subtraction counterterm dσˆtt¯, CTNNLO cc¯ to cancel
the IR singularities in the dσNLOtt¯+jet cross section in these partonic channels, which exhibit
much more complex structure, compared to the off-diagonal ones, involving the second-
order anomalous dimension matrix and the one-loop colour-correlations. Moreover, this
task also required the completion of the massive Dipole subtraction implementation for
these channels in the Munich code. To test the prediction of the dσNLOtt¯+jet cross section
obtained with the new version of Munich, we also computed it with the Sherpa Monte
Carlo event generator [168], operating with the Comix [169] matrix-element generator and
found nice agreement.
In Fig. 5.5 we show the rcut dependence of the NNLO cross section contribution in
the diagonal partonic channels from the term in the square bracket of Eq. (5.2). As in
the case of qg channel, the contribution to the NNLO cross section at relative order αS is
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computed with rcut-independent Catani-Seymour subtraction. We see from Fig. 5.5 that
the rcut dependence both in the qq¯ channel (left plot) and in the gg channel (right plot) is
smaller in the absolute value (about 0.15 % in the qq¯ channel and 0.4 % in the gg channel)
than that at NLO, and is opposite in sign. Most importantly, the results in both cases
nicely converge at small rcut. We follow the same procedure for assigning a numerical
uncertainty due to the rcut dependence as in the case of off-diagonal channels. As we can
see from the blue bands of Fig. 5.5, we control the subtraction at the level of 0.05 % and
0.2 % for the qq¯ and gg channels, respectively. The cancellation of the IR singularities in
the diagonal partonic channels represents the first non-trivial step towards the extension of
our framework to the computation of the full NNLO QCD corrections to the tt¯ production
process at hadron colliders.
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Figure 5.5: Dependence of the qT 6= 0 contribution to the NNLO pp→ tt¯+X cross section
at 8 TeV on the qT subtraction cut, rcut, for qq¯ (left plot), and gg (right plot) partonic
channels. The results are normalized to their values at rcut → 0, with a conservative
extrapolation-error indicated by the blue bands.
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Azimuthal asymmetries
In this chapter we come back to the issue of azimuthal correlations at small qT . To
simplify the illustration of the key points we begin our detailed discussion by considering
the simplest class of processes, in which the produced high-mass system in the final state
is formed by only two ’particles’ in generalized sense (point-like particles and/or jets).
We consider the inclusive hard-scattering hadroproduction process
h1(P1) + h2(P2)→ F ({p3, p4}) +X , (6.1)
in which the collision of the two hadrons h1 and h2 with momenta P1 and P2 produces
the triggered final state F , and X denotes the accompanying final-state radiation. The
observed final state F is a generic system that is formed by two ‘particles’, f3 and f4,
with four momenta p3 and p4, respectively. The two particles can be point-like particles
or hadronic jets (j), which are reconstructed by a suitable (infrared and collinear safe) jet
algorithm. As for the case of point-like particles, the most topical process is the production
of a high-mass lepton pair ``′ through the DY mechanism of quark–antiquark annihilation.
We can consider many other cases such as, for instance, the production of a photon pair
(γγ), a pair of top quark and antiquark (tt¯) or a pair of vector bosons (V V ), in addition
to dijet production (jj) and associated production processes such as vector boson plus jet
(V j). The invariant masses of the two particles have a little role in the context of our
discussion (and they do not affect any conceptual aspects of our discussion). The system
F has total invariant mass M (M2 = (p3 + p4)2), transverse momentum qT and rapidity y
(transverse momenta and rapidities are defined in the centre–of–mass frame of the colliding
hadrons). We require that M is large (M  ΛQCD, ΛQCD being the QCD scale), so that
the process in Eq. (6.1) can be treated within the customary perturbative QCD framework.
We use
√
s to denote the centre–of–mass energy of the colliding hadrons, which are treated
in the massless approximation (s = (P1 + P2)2 = 2P1 · P2).
The dynamics of the production process in Eq. (6.1) can be described in terms of five
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kinematical variables: the total mass M , transverse momentum qT and rapidity y of the
system F and two independent angular variables that specify the kinematics of the two
particles f3 and f4 with respect to the total momentum q = p3+p4 of F . These two angular
variables are a polar-angle variable and an azimuthal-angle variable. To be definite and to
avoid the use of ‘exotic’ variables, we refer to a widely-used set of angular variables and
we use the polar angle θ and the azimuthal angle ϕ (of particle f3) in the Collins–Soper
(CS) rest frame† [170] of the system F .
The variable ϕ is the relevant variable for our discussion of azimuthal correlations. We
remark that ϕ specifies the azimuth of one of the two paricles in the system F with respect
to the total momentum of the system. In particular, we also remark that we are not
considering the relative azimuthal separation ∆φ = φ3 − φ4 (φi = φ(pT i), with i = 3, 4, is
the azimuthal angle of the transverse-momentum vector pT i in the centre–of–mass frame of
the colliding hadrons) between the two particles. However, we can anticipate (we postpone
comments on this point) that our main findings are not specific of the CS frame, and they
are equally valid for other azimuthal variables with respect to the system F (for instance,
we can consider the azimuthal angle in a different rest frame of F or, simply, the azimuthal
difference φ(pT i)−φ(qT), where φ(qT) is the azimuthal angle of qT in the centre–of–mass
frame of the colliding hadrons).
Using the kinematical variables in the CS frame, we can consider azimuthal distributions
for the process in Eq. (6.1). The most elementary azimuthal-dependent observable is the
azimuthal cross section at fixed invariant mass,
dσ
dM2 dϕ
, (6.2)
and we can also consider less inclusive observables such as, for instance, the qT -dependent
azimuthal cross section in Eq. (6.3) and the multidifferential (five-fold) cross section in
Eq. (6.4):
dσ
dM2 dq2T dϕ
, (6.3)
dσ
dM2 dy dq2T dcos θ dϕ
. (6.4)
All these quantities are related (from the less inclusive to the more inclusive case) through
integration of kinematical variables (for instance, the azimuthal cross section in Eq. (6.2)
is obtained by integrating Eq. (6.3) over q2T ) and, in particular, the azimuthal integration
of Eq. (6.2) gives the total cross section (at fixed invariant mass) of the process:
dσ
dM2
=
∫ 2pi
0
dϕ
dσ
dM2 dϕ
. (6.5)
†Since we are dealing with a rest frame of F , the two particles are exactly (by definition) back–to–back
in that frame. In particular, the relative azimuthal separation is ∆ϕ = pi.
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Obviously, we can also consider differential cross sections that are integrated over a certain
range of values of the invariant mass.
Since all the cross sections that we have just mentioned are infrared and collinear
safe quantities [171], they can be computed perturbatively within the customary QCD
factorization framework (see Ref. [172] and references therein). The only non-perturbative
(strictly speaking) input is the set of parton distribution functions (PDFs) of the colliding
hadrons. The PDFs are convoluted with corresponding partonic differential cross sections
dσˆ that can be evaluated as a power series expansion in the QCD running coupling αS(M)
(see Eq. (2.76)).
This perturbative QCD framework is applicable at any finite (and arbitrary) fixed
perturbative order. Despite this statement, the first main observation that we want to
make is that the fixed-order (f.o.) perturbative calculation of the azimuthal distributions
can lead to divergent (and, hence, unphysical and useless) results. More specifically, the
f.o. calculation of the azimuthal cross section of Eq. (6.2) gives the following results:
dσ
dM2 dϕ
=

finite at any f.o. (DY production process)
divergent for any ϕ at some f.o. (tt¯, V j, jj, γγ, ..., production process)
.
(6.6)
We mean that the perturbative computation of dσ/dM2 dϕ for the DY process gives a
finite result order–by–order in QCD perturbation theory†, while in most of the other cases
(some of them are listed in the right-hand side of Eq. (6.6)) the computation gives a di-
vergent (meaningless) result for any values of the azimuthal angle ϕ starting from some
perturbative order. We note that the integration over ϕ of dσ/dM2 dϕ gives the total
cross section (see Eq. (6.5)), which is known to be finite at any f.o.. Therefore, the diver-
gent behaviour that is highlighted in Eq. (6.6) originates from the azimuthal-correlation‡
component, dσcorr/dM2 dϕ, of the azimuthal cross section:
dσcorr
dM2 dϕ
≡ dσ
dM2 dϕ
− 〈 dσ
dM2 dϕ
〉av. = dσ
dM2 dϕ
− 12pi
dσ
dM2
, (6.7)
where the notation 〈· · · 〉av. denotes the azimuthal average and dσ/dM2 is the total cross
section in Eq. (6.5).
To understand the origin of the divergent behaviour in Eq. (6.6), we first comment
about kinematics. If the system F has vanishing transverse momentum (qT = 0), the rest
†As we will see in the following discussion this is due to the helicity-conserving nature of the collinear
radiation from the quarks and the trivial colour structure of the underlying Born process qq¯ → Z.
‡Using the shorthand notation dσ(ϕ) to denote a generic multidifferential cross section with azimuthal
dependence (e.g., the cross sections in Eqs. (6.3) and (6.4)), its azimuthal average is 〈dσ(ϕ)〉av. and we
can define the corresponding correlation component as dσcorr(ϕ) ≡ dσ(ϕ)− 〈dσ(ϕ)〉av., analogously to the
definition in Eq. (6.7).
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frame of F is obtained by simply applying a longitudinal boost to the centre–of–mass frame
of the colliding hadrons. Any additional rotation in the transverse plane of the collison
leaves the system F at rest and makes the particle azimuthal angle ϕ ambiguously defined.
Owing to the azimuthal symmetry of the collision process, if qT = 0 there is no preferred
direction to define ϕ. In other words, considering the azimuthal angle ϕ (as defined in the
CS frame or any other rest frame of F ) and performing the limit qT → 0, we have
cosϕ = cos(φ3 − φ(qT)) +O(qT/M) , (6.8)
where φ3 = φ(pT 3) and φ(qT) are the azimuthal angles of the corresponding transverse-
momentum vectors in the centre–of–mass frame of the colliding hadrons. If qT = 0, φ(qT)
is not defined and, consequently, ϕ is not (unambiguously) defined. At the strictly formal
level, to define the azimuthal correlation we have to exclude the phase space point at qT = 0.
In practical terms, the azimuthal correlation is defined provided qT 6= 0. If we want to
consider qT integrated azimuthal correlations (such as, for instance, the cross section in
Eq. (6.7)), we have to introduce a minimum value of qT (qT > qcut) and eventually perform
the limit qcut → 0. The divergences that are highlighted in Eq. (6.6) do not appear by
considering azimuthal correlations at fixed and finite values of qT (e.g., the azimuthal-
dependent cross sections in Eq. (6.3) and (6.4)). These divergences are related to the limit
qcut → 0 after integration of the azimuthal correlations over qT .
Our discussion on the limit qcut → 0 reconciles the appearence of divergences in Eq. (6.6)
with the perturbative criterion of infrared and collinear safety at the formal level: no
divergence occurs provided qT 6= 0, namely, provided the azimuthal-correlation observable
is well (unambiguously) defined. However, a single phase space point at qT = 0 is physically
harmless. Therefore, the qT integrated azimuthal correlations (i.e., their limiting behaviour
as qcut → 0) are finite and measurable quantities. Moreover, they are also finite and
measurable if qcut is non-vanishing, or, equivalently if qT is not vanishing and fixed at an
arbitrarily small value. The divergence in Eq. (6.6) implies that the qT dependent azimuthal
correlations become singular at small values of qT , and that this singular behaviour is not
integrable over qT in the limit qT → 0. This unphysical behaviour of f.o. perturbative
QCD at small values of qT and the divergence of the qT integrated azimuthal correlations
certainly require some deeper understanding to have a QCD theory of physically measurable
azimuthal correlations. As a possible shortcut, one can still use f.o. perturbative QCD but
avoid the region of small values of qT . In this case one still needs some understanding of
the phenomenon in order to assess the extent of the dangerous small-qT region where the
f.o. predictions are ‘unphysical’ or, anyhow, not reliable at the quantitative level.
We note that the kinematical relation in Eq. (6.8) implies that the azimuthal angle in the
CS frame has no privileged role in the context of our discussion of azimuthal correlations in
the small-qT region. The main features of the small-qT behaviour of azimuthal correlations
that are discussed here are basically unaffected by using azimuthal angles as defined in
other rest frames of the system F , or, by using other related definitions of azimuthal
angles. For instance, one can simply replace the CS frame angle ϕ with one of the relative
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azimuthal angles φ(pT i) − φ(qT) (i = 3, 4) in the centre–of–mass frame of the colliding
hadrons. Alternatively, one can use the difference between the azimuthal angles (in the
centre–of–mass frame of the colliding hadrons) of the two transverse-momentum vectors
pT 3− pT 4 and qT. All these definitions of the relevant (for our purposes) azimuthal-angle
variable turn out to be equivalent (because of Eq. (6.8)) in the limit qT → 0 (or, at very
small values of qcut). In the following we continue to mainly refer ourselves to the azimuthal
angle in the CS frame, although all the basic feature that we discuss are unchanged by
considering the other definitions of the azimuthal angle.
We also note that the discussion that we have presented so far about azimuthal correla-
tions can be generalized in a straightforward way to consider the case in which the system
F is formed by more than two particles. In the multiparticle case, we can simply exam-
ine azimuthal correlations that are defined by using the azimuthal angles of the various
particles in F in a specified rest frame of F (such as the CS frame), by simply using the
various relative azimuthal angles φ(pT i)−φ(qT) in the centre–of–mass frame of the collid-
ing hadrons, or by using some other related (i.e., equivalent in the limit qT → 0) azimuthal
variables. Since the multiparticle cases do not present any additional conceptual issues
with respect to the two-particle case, in the following we continue to explicitly consider
(for the sake of technical simplicity) only systems F that are formed by two particles.
The f.o. perturbative divergences of the azimuthal correlations originate from QCD
radiative corrections due to emission of final-state parton with low transverse momentum
(soft and collinear partons). Since the azimuthal correlations behave differently in different
processes (as stated in Eq. (6.6)), we recall the conditions that produce the divergent
behaviour.
Azimuthal correlations can have f.o. divergences if at some order in the strong coupling
the final-state system F ({p3, p4}) can be produced by the partonic subprocess c1 c2 → F
where either
• at least one of the initial−state colliding partons c1 and c2 is a gluon, (6.9)
• at least one of the final−state particles carry QCD colour charge. (6.10)
The conditions in (6.9) and (6.10) follow from a generalization of the results in Refs. [69,
95] (see Section 4.2.1). The divergences arise from the computation of the QCD radiative
corrections to the partonic process c1 c2 → F (they do not arise in the computation of
that partonic subprocess itself!). Specifically, the f.o. divergences originate from collinear-
parton radiation [69] in the case of the condition (6.9) and from soft-parton radiation [95]
in the case of the condition (6.10). We remark that one of the conditions in (6.9) and
(6.10) is sufficient to produce the f.o. divergences. In particular, the condition (6.10)
necessarily produces f.o. divergences, while the condition (6.9) produce divergences with
some ‘exception’ (words of caution) in few specific cases (see below). Having discussed the
source of f.o. divergences in general terms, we can comment on some specific processes.
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The production of heavy-quark pairs such as, for instance, tt¯ can occur through the
partonic subprocesses of quark-antiquark annihilation (qq¯ → tt¯) and gluon fusion (gg → tt¯).
One of these subprocesses has initial-state gluons and, moreover, both t and t¯ have QCD
colour charge. Therefore, if F = {tt¯} both conditions (6.9) and (6.10) are fulfilled and the
corresponding azimuthal correlations have f.o. divergences (as stated in Eq. (6.6)). The
same reasoning and conclusions apply to the production of F = {V j} and F = {jj} (for
instance, F = {V j} can be produced through qg → V j, where at the lowest-order j = q
carries QCD colour charge). In the case of F = {γγ} production the final-state photons do
not carry QCD colour charge. However, diphoton production at the next-to-next-to-leading
order (NNLO) can occur through the subprocess gg → γγ (the interaction is mediated
by a quark loop): therefore, due to the condition (6.9), the azimuthal correlations for
diphoton production diverge starting from the N3LO computation. The cases F = {ZZ}
and F = {W+W−} behave similarly to F = {γγ}, and they also lead to azimuthal
correlation that have f.o. divergences.
We consider the DY process, where F = {``′} and the high-mass lepton pair originates
from the decay of a vector boson V (V → ``′). The final-state leptons have no QCD colour
charge and, therefore, the condition (6.10) is not fulfilled. The partonic subprocesses
qg → V (``′) and q¯g → V (``′) are forbidden by colour conservation, and the partonic
subprocess gg → V (``′) is forbidden by the spin 1 of the vector boson. The DY lepton pair
can be produced through qq¯ → V (``′), but this partonic subprocess has no initial-state
gluons. Therefore, also the condition (6.9) is not fulfilled and the azimuthal correlation for
the DY process have no f.o. divergences in the computation of QCD radiative corrections
(as it is well known and recalled in Eq. (6.6)).
We can comment on the production of a system of colourless particles, such as F = {γγ}
or F = {ZZ}, in the specific case (or, better, within the approximation) in which those
particles originate from the decay of a spin-0 boson, such as the Standard Model Higgs
boson H (e.g., H → γγ or H → ZZ). In this case the production mechanism gg → H
(followed by the H decay) is allowed. However, due to the spin-0 nature of H, the H decay
dynamically decouples from the H production mechanism: the angular distribution of the
final-state particles (γγ or ZZ) with momenta p3 and p4 is dynamically flat (it has no dy-
namical dependence on the decay angles, since it can only depend on the Lorentz invariant
2p3 · p4 = M2, namely, on the invariant mass M of the produced pair of particles). As a
consequence, although the condition (6.9) is fulfilled, there are no azimuthal correlations
in this specific case and, hence, there are no accompanying f.o. divergences. The absence
of azimuthal correlations follows from the requirement that the two final-state particles are
due to the decay of a spin-0 boson. As a matter of principle at the conceptual level we note
that, considering the final-state system F = {γγ} or F = {ZZ}, the various subprocesses
that contribute to the production mechanism gg → F (subprocesses with and without an
intermediate H, and corresponding interferences) are not physically distinguishable (this
is, strictly speaking, correct although the applied kinematical cuts can sizeably affect the
relative size of the various contributing subprocesses). As we have previously discussed,
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the production of such systems without the intermediate decay of a spin-0 boson leads to
azimuthal correlations with f.o. perturbative divergences. Therefore, if the condition (6.9)
is fulfilled, we can conclude that sooner or later (in the computation of subsequent per-
turbative orders) QCD radiative corrections produce non-vanishing azimuthal correlations
and ensuing f.o. divergences.
To the purpose of studying azimuthal correlations and presenting corresponding quan-
titative results in the following parts of the paper, we find it convenient to introduce
harmonic components of azimuthal-dependent cross sections. In particular, we define the
n-th harmonic:
dσn
dM2
≡
∫ 2pi
0
dϕ cos(nϕ)
∫ +∞
0
dq2T
dσ
dM2 dq2T dϕ
Θ(qT−qcut) , qcut = rcut M , (6.11)
where n is a positive integer (n = 1, 2, 3, . . . ). Note that, in view of our previous discussion
on the origin of the divergences that are mentioned in Eq. (6.6), we have introduced a mini-
mum value qcut of qT (qT > qcut). We usually consider values of qcut that are proportional to
the invariant massM of the system F (qcut = rcutM , with a fixed parameter rcut), although
also fixed values of qcut can be used. One can also consider n-th harmonics of more differ-
ential cross sections (e.g., differential with respect to y and cos θ as in Eq. (6.4)). The n-th
harmonic in Eq. (6.11) is defined by using the weight function cos(nϕ); n-th harmonics with
respect to the sine function can also be considered by simply replacing cos(nϕ)→ sin(nϕ)
in the integrand of Eq. (6.11). In particular, the knowledge of the harmonics with respect
to both cos(nϕ) and sin(nϕ) for all integer values of n (n = 1, 2, 3, . . . ) is equivalent to
the complete knowledge of the azimuthal-correlation cross section in Eq. (6.7). Note that
the n-th harmonic in Eq. (6.11) is not a positive definite quantity. Although the physical
azimuthal cross section dσ/dM2 dq2T dϕ is positive definite, the weight function cos(nϕ) (or
sin(nϕ)) has no definite sign.
The n-th harmonic with weight cos(nϕ) (or sin(nϕ)) gives a direct measurement of
the cos(nϕ) (or sin(nϕ)) asymmetry of the azimuthal-dependent cross section. The QCD
computation of the n-th harmonic gives a finite result provided qcut is not vanishing. On
the basis of Eq. (6.6), in the limit qcut → 0 some harmonics (asymmetries) can be divergent
if computed at some f.o. in QCD perturbation theory. We cannot draw general conclusions
on harmonics with odd n (n = 1, 3, 5, . . . ), but from the results in Refs. [69, 95] we know
that harmonics with even n (n = 2, 4, 6, . . . ) can have f.o. divergences. Specifically, if the
condition (6.9) is fulfilled the harmonics with n = 2 and n = 4 have f.o. divergences [69],
and if the condition (6.10) is fulfilled all the n-even (n = 2, 4, 6, 8 and so forth) cos(nϕ)
asymmetries have f.o. divergences [95]. In Sect. 6.1 we explicitly show quantitative results
on f.o. computations of harmonics for the DY and tt¯ processes. The f.o. divergences of the
azimuthal asymmetries can be cured by the all-order perturbative resummation of QCD
radiative corrections. The resummed computation leads to azimuthal correlations and
asymmetries that are finite, as it is the case of the corresponding physical (and measurable)
quantities (see Sect. 6.3).
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6.1 Examples
The lepton angular distribution of the DY process is a much studied subject both experi-
mentally and theoretically. Recent measurements of the lepton angular distribution for Z
production at LHC energies (
√
s = 8 TeV) are presented in Refs. [173, 174], together with
corresponding QCD predictions from Monte Carlo event generators and f.o. calculations.
A very recent phenomenological study of the DY lepton angular distribution is performed
in Ref. [68]. As for previous literature on the subject, we mainly refer the reader to the
list of references in Refs. [68,173,174].
The QCD structure of the DY lepton angular distribution is well known, and it is a
consequence of the spin-1 nature of the vector bosons (V = Z, γ∗,W±) involved in the
DY mechanism. To be definite we consider the DY process at the Born level with respect
to electroweak (EW) interactions. Within this Born level framework, the DY differential
cross section is expressed in terms of a leptonic tensor (for the EW leptonic decay of the
vector boson) and a hadronic tensor (for the hadroproduction of the vector boson). The
QCD production dynamics is embodied in the hadronic tensor and the two tensors are
coupled through the spin (helicity) correlations of the vector boson. Owing to quantum
interferences, we are dealing with 9 helicity components of the five-fold differential cross
section in Eq. (6.4) (the hadronic tensor is a 3× 3 helicity polarization matrix, due to the
3 polarization states of the vector boson), which, therefore, can be expressed [175] as a
linear combination of 9 spherical harmonics or, better, harmonic polynomials (the leptonic
tensor has a polynomial dependence of rank 2 on the lepton momenta) of the lepton angles
θ and ϕ (we specifically use the CS frame). For the illustrative purposes of our discussion
of azimuthal correlations, it is sufficient to consider the four-fold differential cross section
dσ/(dM2 dy dq2T dϕ), which is obtained by integrating Eq. (6.4) over cos θ. We write
2pi dσDY
dM2 dy dq2T dϕ
= dσDY
dM2 dy dq2T
+[dσ]3 cos(ϕ)+[dσ]2 cos(2ϕ)+[dσ]7 sin(ϕ)+[dσ]5 sin(2ϕ) ,
(6.12)
where dσ/(dM2 dy dq2T ) is the DY differential cross section integrated over ϕ, and the
shorthand notation [dσ]I denotes differential cross section components that only depends
on M, y, qT . The azimuthal dependence of Eq. (6.12) is entirely given by the four har-
monics {cos(ϕ), cos(2ϕ), sin(ϕ), sin(2ϕ)} that are explicitly written in the right-hand side
of Eq. (6.12). The subscript I in [dσ]I is defined according to a customary notation in
the literature [173–176], such that [dσ]I ≡ CIAI(M, y, qT ) × dσ/(dM2 dy dq2T ), where the
functions AI(M, y, qT ) (I = 0, 1, . . . , 7) are known as ‘DY angular coefficients’ and CI are
normalization factors (specifically, we have C2 = 1/4, C5 = 1/2, C3 = C7 = 3pi/16). A
point that we would like to remark is that the QCD dependence of the azimuthal corre-
lations of the DY cross section involves only four harmonics. The five-fold cross section
in Eq. (6.4) for the DY process is expressed in terms of 9 harmonic polynomials of θ and
ϕ: however, their dependence on ϕ is given only in terms of the four harmonics that also
appear in Eq. (6.12).
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At the leading order (LO) in QCD perturbation theory, the DY cross section is due to
the partonic subprocess qq¯ → V (→ ``′), which is of O(α0S). At this order in αS, there is no
azimuthal dependence. Azimuthal correlations start to appear at the next-to-leading order
(NLO) through the tree-level partonic processes at O(αS) (qq¯ → V + g and its crossing
related channels, such as qg → V + q). At this order only the cross section components
[dσ]3 and [dσ]2 in Eq. (6.12) are not vanishing. The azimuthal harmonics sin(ϕ) and
sin(2ϕ) receives non-vanishing contributions only starting from NNLO processes. More
precisely, these non-vanishing contributions [177] are entirely due to one-loop absorptive
(and time reversal odd) corrections to the partonic subprocess qq¯ → V + g and its crossing
related channels. Azimuthal correlations up to NNLO were first computed in Ref. [175].
Azimuthal-correlation results at N3LO can be obtained, in principle, by exploiting recent
progress on the computation of the NNLO corrections to ‘V + 1 jet’ production [49,178].
We recall that the cross section component [dσ]2 in Eq. (6.12) is parity conserving, while
[dσ]3, [dσ]5 and [dσ]7 are parity violating. If V = γ∗, only the cos(2ϕ) harmonic contributes
in Eq. (6.12), while in the case of the five-fold differential cross section of Eq. (6.4) there is
an additional non-vanishing azimuthal contribution that is proportional to sin(2θ) cos(ϕ)
and it is due to [dσ]1.
All the quantitative results that are presented in this paper refer to pp collisions at the
LHC energy
√
s = 8 TeV. In the QCD calculations we use the set MSTW2008 [151] of
PDFs at NLO.
To present some illustrative results for the DY process we consider on-shell Z production
and its leptonic decay Z → e+e− in an electron–positron pair. Our QCD calculation is
performed by using the numerical Monte Carlo program DYNNLO [98]. The EW parameters
are specified in the Gµ scheme and we use the following values: the Fermi constant is
GF = 1.1663787 ·10−5 GeV−2, the mass of the Z boson isMZ = 91.1876 GeV and the mass
of the W boson is MW = 80.385 GeV. We use equal values of the factorization (µF ) and
renormalization (µR) scales and we set µF = µR = MZ .
We specifically consider the numerical calculation of various cos(nϕ) asymmetries (see
Eq. (6.11)), and ϕ is the azimuthal angle of the electron in the CS frame. We evaluate the
asymmetries at their non-trivial lowest order in f.o. perturbation theory and, therefore,
we compute all the NLO tree-level partonic processes whose final state is ‘Z(e+e−) + jet’,
where the jet is a single parton at this perturbative order. Our numerical results are
presented in Fig. 6.1-left.
The n-th harmonics are integrated over the transverse-momentum qT of the e+e− pair
and they are computed as a function of rcut = qcut/MZ , where qcut is the minumm value of
qT (qT > qcut). The results in Fig. 6.1 are obtained for very small values of rcut in the range
5 · 10−4 < rcut < 5 · 10−3. As we have already recalled, the azimuthal asymmetries for the
DY process have no f.o. divergences. Indeed, the results for n = 1, 2, 4 that are presented
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in Fig. 6.1-left show that the corresponding cos(nϕ) asymmetries are basically independent
of rcut for very small values of rcut and finite (the results in Fig. 6.1-left practically coincide
with the numerical evaluation at rcut = 0). The result for the n = 4 asymmetry (blue line)
in Fig. 6.1-left is consistent with a vanishing value, in agreement with the general expression
in Eq. (6.12) (the very small deviations that are observed for n = 4 in Fig. 6.1-left give
an idea of the numerical uncertainties in our calculation of the various asymmetries). The
result for the n = 1 asymmetry (black line) gives a non-vanishing value (it corresponds
to the integral of the differential cross section component [dσ]3 in Eq. (6.12)). A non-
vanishing value is obtained also for n = 2 (red line), and it corresponds to the computation
of the cross section component [dσ]2 in Eq. (6.12). Note that the n = 2 result reported
in Fig. 6.1-left is rescaled by a factor of 0.1. Therefore, by inspection of Fig. 6.1-left we
can see that the cos(2ϕ) asymmetry is approximately a factor of 5 larger than the cos(ϕ)
asymmetry.
(a) (b)
Figure 6.1: Azimuthal asymmetries for various n as a function of rcut: DY/Z(e+e−) (left)
tt¯ (right)
In Fig. 6.1-left we also report the result for the n = 0 harmonic (dashed line) of ‘Z+jet’
production. The n = 0 harmonic corresponds to the total (azimuthally integrated) cross
section, and it receives contributions from both real and virtual emission subprocesses.
Real and virtual terms are separately divergent and their divergences cancel in the total
contribution. In Fig. 6.1-left we report the result of the n = 0 harmonic computed exactly
as specified in Eq. (6.11), namely, by applying a non-vanishing lower limit qcut = rcutM on
qT . Therefore, our computation selects only the real-emission term due to the ‘Z + jet’
subprocesses. As is well known, this real-emission term diverges in the limit qcut → 0
and the divergent behaviour is proportional to ln2 rcut: in Fig. 6.1-left we clearly see the
increasing behaviour of the n = 0 harmonic as rcut → 0. In the actual computation of the
total cross section, the n = 0 result in Fig. 6.1-left has to be combined with the NLO real-
emission term at still smaller values of rcut and with the LO and NLO virtual terms, thus
leading to a total finite result. For the sake of completeness, we report the value (including
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the numerical error of the Monte Carlo integration) of the NLO total cross section σNLODY
that we obtain by using the same parameters as used in the results of Fig.6.1-left: it is
σNLODY = 1100± 1 pb. We note that σNLODY is roughly 100 times larger than the value of the
cos(2φ) asymmetry in Fig.6.1-left.
The DY process is quite ‘special’ with respect to azimuthal correlations: the azimuthal
correlations are finite order-by-order in QCD perturbation theory and their general QCD
structure involves only 4 azimuthal harmonics (as shown in Eq. (6.12)). For most of the
other hard-scattering processes (with few possible exceptions such as H → γγ, ZZ pro-
duction, as discussed in Section 4.2.1) azimuthal correlations behaves differently: usually
they have an azimuthal dependence that involves an infinite set of harmonics (all values of
n) and in many cases f.o. QCD computations lead to divergences.
We consider the production of heavy-quark QQ¯ pairs and we treat the heavy quark and
antiquark as on-shell particles. Our discussion equally applies to any heavy quark, but we
specifically consider top quarks since the on-shell treatment is more suitable in this case.
In Fig. 6.1-right we present results for tt¯ production that are obtained analogously to the
DY results presented in Fig. 6.1-left.
Our QCD computation of tt¯ production is performed by using the numerical Monte
Carlo program of Chapter 5, which includes QCD radiative corrections at NLO and part
of the NNLO contributions. We set µF = µR = mt and we use the value mt = 173.3 GeV
for the mass mt of the top quark. We consider the azimuthal angle ϕ of the top quark
in the CS frame, and in Fig. 6.1-right we present the numerical results of various cos(nϕ)
asymmetries (see Eq. (6.11)) after their integration over the invariant mass M of the tt¯
pair. The azimuthal asymmetries are evaluated (as a function of rcut = qcut/M) at their
non-trivial lowest order (i.e., O(α3S)) in f.o. perturbation theory and, therefore, we compute
all the NLO tree-level partonic processes whose final state is ‘tt¯+ 1 parton’.
Before presenting comments on the results in Fig. 6.1-right, we recall (see Eqs. (4.62)
and (4.67)) that the qT -dependent azimuthal-correlation cross section dσcorr/dq2Tdϕ behaves
proportionally to 1/q2T in the limit qT → 0 and, hence, it is not integrable over qT down
to the region where qT = 0. The 1/q2T behaviour is proportional to a non-polynomial
function of cos2 ϕ that, therefore, leads to divergent cos(nϕ) harmonics for even values of
n (n = 2, 4, 6, . . . ). The qT spectra of harmonics with odd values of n have instead a less
singular qT behaviour and they are integrable over qT in the limit qT → 0.
The numerical results in Fig. 6.1-right are consistent with the convergent or divergent
behaviour predicted in Ref. [95]. The harmonic with n = 1 (black line) is not vanishing
and basically independent of rcut for very small values of rcut. The sign of the n = 1
harmonic is negative (the n = 1 harmonic of t¯ would be positive, analogously to the
corresponding harmonic of the electron in the DY case of Fig. 6.1-left), and its abolute
size (note that it is rescaled by a factor of 0.1 in Fig. 6.1-right) is roughly a factor of
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two smaller than the size of the n = 1 harmonic for Z(e+e−) production (Fig. 6.1-left).
The harmonics with n = 2 (red line), n = 4 (blue line) and n = 6 (magenta line) in
Fig. 6.1-right have instead an increasing (in absolute value) size for small and decreasing
values of rcut: this behaviour is consistent with a ln rcut dependence, as expected from
the analytical results in Eqs. (4.62) and (4.67). The results for n = 2, 4 and 6 in Fig. 6.1-
right have no straightforward quantitative implications for physical azimuthal asymmetries
since they refer to small values of rcut (and they eventually diverge in the limit rcut → 0).
Nonetheless we observe that the absolute magnitude of the n-even cos(nϕ) asymmetries
decreases as n increases. As in the case of Fig. 6.1-left for the DY process, in Fig. 6.1-right
we also present the O(α3S) result of the n = 0 harmonic (dashed line) for the real-emission
process ‘tt¯+jet(1 parton)’. Analogously to the DY process, the ‘tt¯+1 parton’ contribution
to the n = 0 harmonic diverges in the limit rcut → 0, and its dominant behaviour at small
rcut is proportional to ln2 rcut + O(ln rcut). At small values of rcut the shape of the rcut-
dependence of the n = 0 result is thus steeper than that of the results for the harmonics
with n = 2, 4 and 6. After combining real and virtual contributions, the n = 0 harmonic
gives the total cross section, reported in Table 5.1.
To cure the f.o. perturbative divergences of azimuthal correlations one may advocate
non-perturbative strong-interactions dynamics and related non-perturbative QCD effects,
which can be sizeable in the small-qT region. However, in the case of qT -integrated az-
imuthal correlations (see Eq. (6.7)) the non-perturbative QCD dynamics should cancel
divergent terms proportional to some powers of αS(M), and this would imply that non-
perturbative QCD effects scale logarithmically with M (i.e., these effects would not be
suppressed by some power of ΛQCD/M in the hard-scattering regime M  ΛQCD), thus
spoiling not only the finiteness but also the infrared safety of the azimuthal correlations.
In the next Section we show that the problem of f.o. divergences in azimuthal correlations
has a satisfactory solution entirely within the context of perturbation theory. Namely, the
resummation of perturbative corrections to all orders leads to (qT integrated) azimuthal
asymmetries that are finite and computable. Such solution does not imply that the non-
perturbative effects have a negligible quantitative role in the small-qT region.
6.2 Resummation
The azimuthally-dependent perturbative contributions that diverge at small qT can be
resummed to all orders. As discussed in Chapters 3 and 4 the general structure of the
transverse-momentum resummation formula involves an inverse Fourier transform from im-
pact parameter b space. When considering the azimuthally averaged transverse-momentum
cross section, the two-dimensional Fourier integral turns into a one-dimensional Bessel
transformation
dσ(res)av.
dq2T
∼
∫ +∞
0
db b J0(bqT ) Σav.(M, b) . (6.13)
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Analogously, the computation of the n-harmonic projects out the Bessel function of n-order
dσ(res)n
dq2T
∼
∫ +∞
0
db b Jn(bqT ) Σn(M, b) . (6.14)
We now discuss the small qT limit of the resummed expressions in Eqs. (6.13,6.14). Due
to the Sudakov suppression of the function Σn(M, b) at large b, the small-qT limit can
be extracted by approximating the n-order Bessel function around the origin (Jn(bqT ) ∼
(bqT )n) and we have
dσ(res)n
dq2T
∝ (qT )n (qT → 0) . (6.15)
When considering the azimuthally averaged cross section, the resummation procedure leads
to the well-known effect that the dσav./dq2T ∼ 1/q2T divergent behavior of the fixed order
cross section is turned into dσ(res)av. /dq2T ∼ const. It is interesting to note that, for the
n-order harmonics, the effect of resummation is even more dramatic, since it turns the
dσn/dq
2
T ∼ 1/q2T divergent behavior into the behavior of Eq. (6.15). We thus anticipate
that the shape of the resummed qT spectrum dσ(res)n /dqT for the n-order harmonic can
be substantially different from the shape of the qT spectrum for the azimuthally averaged
cross section.
(a) (b)
Figure 6.2: Transverse momentum spectrum for the second harmonic. Left: the real con-
tribution (solid blue) is compared with the expansion of the resummation formula, split
into collinear (black dashed) and soft (blue dashed) contributions. The finite sum of the
real and counterterm contribution is also shown (red solid). Right: the purely resummed
contribution (red solid) is compared with the fixed order result (blue solid) and with the
matched prediction (black solid).
In the following, we focus on the tt¯ case and, in particular on the n = 2 harmonic. We
have seen in Fig. 6.1 that for n = 2 the Z + jet cross section is finite, while the tt¯ + jet is
divergent in the limit in which rcut → 0. This is confirmed in Fig. 6.2(a), where the tt¯+ jet
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cross section (denoted as real) as a function of qT is shown to diverge to +∞ as qT → 0.
The setup is the same as in the previous section. The divergent behavior is cured through
the resummation procedure discussed in Section 4.2.1 (see Eqs. (4.73) and (4.74)). The
purely resummed contribution is shown in Fig. 6.2(b) (red solid line). According to the
previous discussion (see Eq. (6.15)), we expect dσres2 /dqT ∼ (qT )3 as qT → 0. The result in
Fig. 6.2(b) is consistent with this expectation: the resummed histogram is peaked in the
region qT ∼ 45 GeV, i.e., at much larger transverse momenta with respect to the ordinary
qT distribution shown in Fig. 4.1, which behaves as dσres/dqT ∼ qT as qT → 0.
To provide a meaningful prediction the resummed computation must be combined
with the fixed order result, valid at large qT . The expansion of the resummation formula
(denoted as count in Fig. 6.2) is supposed to cancel the divergent behavior of the fixed
order contribution. At O(α3S) the expansion contains purely collinear contributions (see
Eq. (4.62)) and additional large-angle soft contributions (see Eq. (4.67)). We see that it
is only the sum of the collinear and soft contributions that ensures the cancellation. The
matched contribution is reported in Fig. 6.2(b) (black solid line). Comparing the matched
and fixed order contributions we see that the resummation is important in the low and
intermediate qT region, while at large values of qT the matched prediction nicely approaches
to the fixed order result.
In summary, the resummation procedure allows us to reconcile the appearence of diver-
gences in the fixed-order perturbative computation of the n-harmonics with the criterion
of infrared and collinear safety. After the resummation procedure is carried out, dσn/dqT
is integrable at qT → 0, thereby leading to a finite perturbative prediction for dσn/dM2.
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Conclusions and outlook
The production of heavy-quark pairs at hadron colliders is a benchmark process in QCD
perturbation theory, and, at the same time, a crucial background for NP searches. In this
thesis we have addressed the computation of higher-order perturbative contributions to this
process, its transverse-momentum spectrum, and the corresponding azimuthal correlations.
After a brief introduction to the main aspects of perturbative QCD and infrared fac-
torization in Chapter 2, in Chapter 3 we have reviewed the transverse-momentum re-
summation formalism for the production of colourless high-mass systems. In Chapter
4 we have presented the structure of the transverse-momentum resummed cross section
for heavy-quark production. As we have shown in Section 4.2.2, the full control over
the azimuthal correlations is crucial, due to their non-trivial interference effects on the
azimuthally-averaged cross section, which we have computed analytically. The numerical
computation of the transverse-momentum spectrum of the heavy-quark pair is complicated
by the existence of colour-correlated contributions, which render the implementation of the
resummed cross section substantially more complicated with respect to the colourless case.
In Section 4.4 we provided a general algorithm for dealing with the exponentiation of
colour-correlated quantities in numerical computations. In particular, we have discussed
the diagonalization procedure of the soft anomalous dimension matrices, which resulted
in defining kinematics-dependent colour bases vectors. In order to fully resum the large
logarithmic contributions due to large-angle soft-gluon radiation from the heavy quarks,
the scattering amplitudes must then be projected on this new basis, which requires the
computation of the Born-level and one-loop hard matrices at NLL and NNLL accuracy,
respectively. Although the structure of the transverse-momentum resummed spectrum
is fully worked out, it is not yet possible to obtain complete quantitative predictions at
NNLL+NNLO accuracy, due to the missing IR-finite contributions. Therefore, in Sec-
tion 4.7 we limited ourselves to the presentation of our numerical results at NLL+NLO
accuracy. We also compared our results with the recent experimental measurement of
the tt¯ transverse-momentum spectrum of the ATLAS collaboration [24] and found a good
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agreement in a wide region of transverse momenta.
In Chapter 5 we have presented the first application of the qT subtraction method to
top-quark pair production at hadron colliders, which is based on the analytical knowledge of
the IR singularities at low qT . The latter can be extracted from the transverse-momentum
resummation program, as presented In Section 4.6. Our computation is accurate at NLO in
QCD perturbation theory and it includes all the off-diagonal partonic channels at NNLO
accuracy. The computation of the azimuthal correlation terms is the key part of the
calculation. We have also shown in Section 5.2.2, for the first time, the cancellation of
the singularities between the NLO tt¯+jet cross section and the corresponding subtraction
counterterm, which is the first step towards the NNLO extension of our computation to
include the missing diagonal channels. The complete extension requires the evaluation of
the second-order hard-collinear functions Htt¯NNLO [95], and an implementation of the two-
loop virtual amplitudes, which, at present, are known only in numerical form [179, 180].
At NLO we have compared our results for various kinematical distributions with those
obtained by using the MCFM program, and we find good agreement. At NNLO our
results for the tt¯ total cross section agree with the corresponding results obtained by
using the Top++ program. The computation that we have performed in this Chapter
can straightforwardly be extended to the production of massive-quark pairs of different
flavour (e.g. bottom-quark pair). Moreover, the extension to the production processes
with additional colourless final-state particle(s) is feasible.
In Chapter 6 we discussed the issue of azimuthal asymmetries. In particular, we have
pointed out that for a large class of processes, fixed-order perturbation theory fails to pro-
vide physically meaningful prediction for azimuthal distributions. We have also shown that
this issue is directly related to the azimuthal correlations of the transverse-momentum spec-
trum. We presented a possible solution to this problem in the framework of the transverse-
momentum resummation program. In particular, we have shown that the transverse-
momentum resummation of the azimuthal asymmetries provides a finite prediction for the
azimuthal distributions that can be compared to experimental data.
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Appendix A
Eigenvalues of the soft anomalous
dimension matrices
In this appendix we present the explicit expressions of the diagonalising matrices Rcc¯ and
the eigenvalues λcc¯I of the soft anomalous dimension matrices Γ
cc¯ (1)
t (c = q, g). The explicit
matrix representation of the soft anomalous dimension matrices are given in Eqs. (4.103)
and (4.104).
Below we present the eigenvalues of the quark-channel anomalous dimension matrix
Γ cc¯ (1)t of Eq. (4.103)
λqq¯1 =
1
2
(
Nc(Γs + Γt) +
√
N2c (Γt − Γs)2 + 4ΓsΓt
)
+ Γ qq¯I , (A.1)
λqq¯2 =
1
2
(
Nc(Γs + Γt)−
√
N2c (Γt − Γs)2 + 4ΓsΓt
)
+ Γ qq¯I ,
where the coefficient-functions Γs, Γt and Γ qq¯I are given in Eqs. (4.105), (4.105) and (4.107)
respectively. The diagonalising matrix Rcc¯ of the soft anomalous dimension matrix Γ cc¯ (1)t
can be constructed by solving the eigenvalue equation Γ cc¯ (1)t vcc¯i = λcc¯vcc¯i , where vcc¯i are
the eigenvectors of the Γ qq¯ (1)t matrix, and hence, the columns of the diagonalising matrix.
Explicitly, for the quark channel we find
Rqq¯ = 14Γt
NcΓs −
N2c−2
Nc
Γt −
√
N2c (Γt − Γs)2 + 4ΓsΓt NcΓs − N
2
c−2
Nc
Γt +
√
N2c (Γt − Γs)2 + 4ΓsΓt
4Γt 4Γt
 .
(A.2)
We now move on to consider the soft anomalous dimension matrix Γ gg (1)t in the gluon
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channel. The eigenvalues can be written in the following form:
λgg1 =
1
6
[
X1/3 + Y + 2 (A11 + 2A22)
]
+ Γ ggI ,
λgg2 =
1
12
[
−X1/3 − Y +√3 i (X1/3 − Y ) + 4(A11 + 2A22)
]
+ Γ ggI ,
λgg3 =
1
12
[
−X1/3 − Y −√3 i (X1/3 − Y ) + 4(A11 + 2A22)
]
+ Γ ggI , (A.3)
where Γ ggI is given in Eq. (4.108), and the functions X and Y are defined as follows
X =− 18A212 (N2c − 8)(A11 − A22) + 8 (A11 − A22)3+
+
{
4 (A11 − A22)2
[
4 (A11 − A22)2 − 9A212 (N2c − 8)
]2
−
[
4 (A11 − A22)2 + 3A212 (N2c + 4)
]3}1/2
,
Y =
[
4 (A11 − A22)2 + 3A212 (N2c + 4)
]
X−1/3 , (A.4)
with
Aij =
(
Γ gg, (1)t
)
ij
− Γ ggI δij . (A.5)
Solving the eigenvalue equation for the gluon channel, we find that the soft anomalous
dimension matrix Γ gg, (1)t can be diagonalised by the following matrix Rgg:
Rgg =

A12
λgg1 −Γ ggI −A11
A12
λgg2 −Γ ggI −A11
A12
λgg3 −Γ ggI −A11
1 1 1
Nc A12
2(λgg1 −Γ ggI −A22)
Nc A12
2(λgg2 −Γ ggI −A22)
Nc A12
2(λgg3 −Γ ggI −A22)
 . (A.6)
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